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L e t  R b e  a  d o m a in  c o n t a i n i n g  t h e  r a t i o n a l  n u m b e r s ,  
K i t s  q u o t i e n t  f i e l d ,  R 1 i t s  c o m p l e t e  i n t e g r a l  c l o s u r e ,  D a  
d e r i v a t i o n  o f  K s u c h  t h a t  D(R) c  R . I n  [ 1 2 ] ,  S e i d e n b e r g  
shows t h a t  D ( R ' )  C ..R' , an d  f o r  a  c e r t a i n  c l a s s  o f  r i n g s ,  
t h a t  R = R 1 when R i s  d i f f e r e n t i a b l y  s i m p l e .
T h i s  d i s s e r t a t i o n  i s  c o n c e r n e d  w i t h  t h e  q u e s t i o n :  
Does R d i f f e r e n t i a b l y  s i m p l e  i m p l y  t h a t  R i s  c o m p l e t e l y  
i n t e g r a l l y  c l o s e d  ? I n  C h a p t e r  I I ,  we show t h a t  t h e  a n s w e r  
t o  t h e  q u e s t i o n  i s  No, e v e n  f o r  R N o e t h e r i a n ,  by  
c o n s t r u c t i n g  a n  e x a m p le  o f  o l o c a l ,  1 - d i m e n s i o n a l  r i n g  
w h ic h  i s  d i f f e r e n t i a b l y  s i m p l e  u n d e r  a  d e r i v a t i o n  D, b u t  
w h i c h  i s  n o t  i n t e g r a l l y  c l o s e d .
I n  C h a p t e r  I I I ,  we p r o v e  some r e s u l t s  a b o u t  t h e  
c o m p l e t e  i n t e g r a l  c l o s u r e  o f  a  r i n g  w h ic h  i s  d i f f e r e n t i a b l y  
s i m p l e  u n d e r  a  f a m i l y  o f  d e r i v a t i o n s ,  an d  we g i v e  some 
c h a r a c t e r i s t i c  p r o p e r t i e s  i n  t h e  c a s e  o f  R N o e t h e r i a n .  I n  
C h a p t e r  IV  we show some p r o p e r t i e s  o f  c o m p l e t e  d i f f e r e n -  
t i a b l y  s i m p l e  r i n g s  and  o f  d i f f e r e n t i a b l y  s i m p l e  r i n g s  
w h o se  c o m p l e t i o n  s a t i s f i e s  c e r t a i n  c o n d i t i o n s .
We h a v e  n e v e r  s e e n  e x h i b i t e d  i n  t h e  l i t t e r a t u r e  
a  2 - d i m e n s i o n a l  r i n g  w h ic h  i s  d i f f e r e n t i a b l y  s i m p l e  u n d e r  
a  s i n g l e  d e r i v a t i o n  D; i n  C h a p t e r  V, we show t h a t  K[X,Y]
v
w i t h  K a  f i e l d  o f  c h a r a c t e r i s t i c  0 ,  i s  s u c h  a  r i n g .
I n  C h a p t e r  V I ,  we s t u d y  some p a r t i c u l a r  r i n g s ,  
among th em  t h e  v a l u a t i o n  r i n g s .  A l s o ,  we show t h a t  a  
c e r t a i n  c l a s s  o f  R e e s  r i n g s  h a v i n g  t h e  p r o p e r t y  t h a t  t h e i r  
c o n d u c t o r  i n  t h e i r  c o m p l e t e  i n t e g r a l  c l o s u r e  i s  ( 0 ) ,  
p r o p e r t y  w h ic h  i s  n e c e s s a r y  i f  we h o p e  t o  h a v e  a  
d i f f e r e n t i a b l y  s i m p l e ,  n o t  c o m p l e t e l y  i n t e g r a l l y  c l o s e d  
r i n g ,  a r e  n e v e r t h e l e s s  n o t  d i f f e r e n t i a b l y  s i m p l e  u n d e r  an y  
f a m i l y  o f  d e r i v a t i o n s .
INTRODUCTION
L e t  R b e  a  c o m m u t a t i v e  d o m a in  w i t h  I ,  K i t s  
q u o t i e n t  f i e l d . ,  R I t s  i n t e g r a l  c l o s u r e ,  R ’ I t s  c o m p l e t e  
i n t e g r a l  c l o s u r e ,  i . e .  t h e  s e t  o f  e l e m e n t s  o f  K w h ic h  a r e  
q u a s i  i n t e g r a l  o v e r  R, D a  d e r i v a t i o n  on K s u c h  t h a t  
D(R) R. B ' i r s t  i n  [ 1 0 ] ,  P o s n e r  w a n t e d  t o  show t h a t  i f  R i s  
a  f i n i t e  i n t e g r a l  d o m a in  o v e r  a  g r o u n d  f i e l d  F o f  c h a r a c ­
t e r i s t i c  0 ,  t h e n  D ( R ' )  c  r i , i n  [ 1 2 ] ,  S e i d e n b e r g  shows t h a t  
t h e  p r o o f  o f  P o s n e r  i s  w ro n g ,  b u t  t h a t  t h e  r e s u l t  s t a t e d  by  
h im i s  t r u e ,  and  c a n  e v e n  b e  g e n e r a l i z e d  t o  a l l  d o m a in s  
c o n t a i n i n g  t h e  r a t i o n a l  n u m b e r s .  I n  t h e  same p a p e r ,  
S e i d e n b e r g  shows t h a t  f u r t h e r m o r e  C = [x  e R /  xE ' c  R ’ ] i s  
a  d i f f e r e n t i a l  i d e a l  o f  R, a n d  h e n c e ,  i f  we know th a t .  R i s  
a d i f f e r e n t i a b l y  s i m p l e  d o m a in  and  t h a t  C i s  /  0 ,  o r  
e q u i v a d . e n t l y  t h a t  R '  i s  c o n t a i n e d  i n  a  f i n i t e  R - m o d u le ,  
t h e n  R h a s  t o  b e  e q u a l  t o  R ' .  T h i s  g i v e s  u s  t h a t  a  w id e  
c l a s s  o f  d o m a in s  c o n t a i n i n g  t h e  r a t i o n a l  n u m b e r s  h a v e  t o  b e  
c o m p l e t e l y  I n t e g r a , l l y  c l o s e d  w h e n e v e r  t h e y  a r e  d i f f e r e n t i a -  
b l y  s i m p l e ;  f o r  e x a m p l e ,  a n y  d i f f e r e n t i a b l y  s i m p l e  f i n i t e  
i n t e g r a l  d o m a in  o v e r  a  f i e l d  F o f  c h a r a c t e r i s t i c  0 i s  
c o m p l e t e l y  i n t e g r a l l y  c l o s e d .  T h en ,  f r o m  b o t h  t h e  p a p e r  o f  
P o s n e r  and. t h e  p a p e r  o f  S e i d e n b e r g ,  a  n a t u r a l  q u e s t i o n  
a r i s e s ,  n a m e l y :  "Does  a n  i n t e g r a l  d o m a in  w h i c h  c o n t a i n s
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t h e  r a t i o n a l  n u m b e r s  and  w h i c h  i s  d i f f e r n t i a b l y  s i m p l e  f o r  
a  f a m i l y  o f  d e r i v a t i o n s  n e e d  t o  b e  c o m p l e t e l y  i n t e g r a l l y  
c l o s e d ?  T h i s  q u e s t i o n  i s  e q u i v a l e n t  t o  t h e  q u e s t i o n :
"Does a  r i n g  o f  c h a r a c t e r i s t i c  0 w h i c h  i s  d i f f e r e n t i a b l y  
s i m p l e  f o r  a  f a m i l y  o f  d e r i v a t i o n s  n e e d  t o  b e  c o m p l e t e l y  
i n t e g r a l l y  c l o s e d  i n  i t s  t o t a l  q u o t i e n t  r i n g  ? ",  b e c a u s e  we 
show i n  P r o p o s i t i o n  1 . 1 2  t h a t  a  d i f f e r e n t i a b l y  s i m p l e  r i n g
o f  c h a r a c t e r i s t i c  0 i s  a  d o m a in  c o n t a i n i n g  t h e  r a t i o n a l
n u m b e r s .  Of c o u r s e ,  we c a n  e v e n  w a n t  t o  d r o p  t h e  r e s t r i c t i o n  
on  t h e  c h a r a c t e r i s t i c ,  a n d  a s k  t h e  q u e s t i o n :  "Does  a  r i n g
w h i c h  i s  d i f f e r e n t i a b l y  s i m p l e  f o r  a  f a m i l y  o f  d e r i v a t i o n s  
n e e d  t o  b e  c o m p l e t e l y  i n t e g r a l l y  c l o s e d  i n  i t s  t o t a l  
q u o t i e n t  r i n g ?  H ow ever ,  i n  t h e  c a s e  o f  a  r i n g  h a v i n g  
a  c h a r a c t e r i s t i c  p 0 , t h e  a n s w e r  i s  i m m e d i a t e  and  
a f f i r m a t i v e  s i n c e  i n  P r o p o s i t i o n  1 . 5  we show t h a t  s u c h  a  
r i n g  i s  e q u a l  t o  i t s  t o t a l  q u o t i e n t  r i n g .  H e n ce ,  i t  r e m a i n s  
t o  t a k e  c a r e  o f  t h e  c a s e  o f  c h a r a c t e r i s t i c  0 .
From w h a t  we h a v e  s a i d  a b o u t  t h e  p a p e r  o f
S e i d e n b e r g ,  i f  a  r i n g  o f  c h a r a c t e r i s t i c  0 i s  g o i n g  t o  be  
d i f f e r e n t i a b l y  s i m p l e  a n d  n o t  c o m p l e t e l y  i n t e g r a l l y  c l o s e d ,  
i t  w i l l  h a v e  t o  b e  s u c h  t h a t  R '  i s  n o t  c o n t a i n e d  i n  a f i n i t e  
s u b - R - m o d u l e  o f  K, o r  e q u i v a l e n t l y  i f  R i s  N o e t h e r i a n ,  t h a t  
R '  i s  n o t  a  f i n i t e  R - m o d u l e .  I n  [ 1 ] ,  A k i z u k i  c o n s t r u c t s  a  
N o e t h e r i a n ,  1 - d i m e n s i o n a l  r i n g  R s u c h  t h a t  R '  = R i s  n o t  a  
f i n i t e  R - m o d u l e ;  h o w e v e r ,  t h i s  r i n g  i s  a  s u b r i n g  o f  t h e  
p - a d i c  i n t e g e r s ,  h e n c e  d o e s  n o t  c o n t a i n  a  f i e l d ,  h e n c e  a s
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s e e n  i n  P r o p o s i t i o n  1 . 5  c a n n o t  b e  d i f f e r e n t i a b l y  s i m p l e .  I n  
T h e o re m  2 . 4  we m o d i f y  t h e  o r i g i n a l  I d e a  o f  A k i z u k i  t o  
c o n s t r u c t  some new N o e t h e r i a n ,  1 - d i m e n s i o n a l  r i n g s  R o f  
a r b i t r a r y  c h a r a c t e r i s t i c  s u c h  t h a t  R b e  n o t  f i n i t e  R- 
m o d u l e s ,  an d  w h i c h  f u r t h e r m o r e  c o n t a i n  a  f i e l d .  I n  T heo rem  
2 . 7 ;  we show t h a t  i f  i t  i s  o f  c h a r a c t e r i s t i c  0 ,  R c a n  e v e n  
b e  c o n s t r u c t e d  i n  s u c h  a  way t h a t  i t  i s  d i f f e r e n t i a b l y  
s i m p l e  f o r  a  c e r t a i n  d e r i v a t i o n  D. T h i s  g i v e s  t h e  f a c t  
t h a t  a  r i n g  o f  c h a r a c t e r i s t i c  0 w h i c h  i s  d i f f e r e n t i a b l y  
s i m p l e ,  u n l i k e  t h e  c a s e  o f  a  r i n g  o f  c h a r a c t e r i s t i c  p 0 , 
n e e d s  n o t  b e  c o m p l e t e l y  i n t e g r a l l y  c l o s e d ,  e v e n  i f  we 
s u p p o s e  t h a t  r i n g  t o  b e  N o e t h e r i a n .
I n  C h a p t e r  I I I ,  we s t u d y  t h e  c o m p l e t e  i n t e g r a l  
c l o s u r e  o f  a  r i n g  R o f  c h a r a c t e r i s t i c  0 w h i c h  i s  d i f f e r e n -  
t i a b l y  s i m p l e  f o r  a  f a m i l y  b  o f  d e r i v a t i o n s .  I n  Lemma 3 - 2  
and  T h e o re m  3 . 4 ,  we show t h a t  t o  e a c h  m i n i m a l  p r i m e  i d e a l  P 
o f  R we c a n  a s s o c i a t e  some r a n k  1 d i s c r e t e  v a l u a t i o n  
o v e r r i n g  c e n t e r e d  on P, a n d  we o b t a i n  i n  C o r o l l a r y  3 - 9  t h a t  
o v e r  e v e r y  m i n i m a l  p r i m e  i d e a l  o f  R l i e s  o n e ,  an d  o n l y  o n e ,  
p r i m e  i d e a l  o f  R 1, an d  t h a t  t h a t  i d e a l  i s  a  m i n i m a l  p r i m e  
i d e a l  i n  R ' .  When t h e  f a m i l y  & i s  r e d u c e d  t o  o n e  e l e m e n t ,  
we show t h a t  t h o s e  r e s u l t s  a r e  t r u e  f o r  e v e r y  p r i m e  i d e a l  o f  
R.  T h e n ,  i n  T h e o re m  3 - 1 8 ,  we show t h a t  i f  R i s  N o e t h e r i a n ,  
t h e n  R = [ a / b  /  a ,  b c R, an d  u n d e r  s u c c e s s i v e  a p p l i c a t i o n s  
o f  a n y  d e r i v a t i o n  D e 3 ,  t h e  e l e m e n t  b g o e s  o u t  o f  e v e r y  
m i n i m a l  p r i m e  i d e a l  o f  R n o t  s l o w e r  t h a n  t h e  e l e m e n t  a ] .
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S t i l l  f o r  R N o e t h e r i a n ,  we snow i n  T h e o re m  3 - 2 0  t h a t  R i s  
t h e  b i g g e s t  . f r - s i m p le  o v e r r i n g  h a v i n g  a  p r i m e  l y i n g  o v e r  
e v e r y  m i n i m a l  p r i m e  i d e a l  o f  R, a n d  we show i n  C o r o l l a r y  
3 . 2 5  t h a t  R i s  i n t e g r a l l y  c l o s e d  i f  an d  o n l y  i f  R -- n aeARp
cc
a n d  f o r  e v e r y  a  e A, t h e r e  e x i s t s  D e & s u c h  t h a t  f o r  e v e r y
( k )i n t e g e r  k > 0 t h e  s y m b o l i c  p o w e r  P^ ' i s  e q u a l  t o
{xeR /  x , D ( x ) , . . . j D ' ^ " ^ ( x )  e Pa ) ,  w h e r e  (Pa }aeA  i s  t h e  s e t
o f  t h e  m i n i m a l  p r i m e  i d e a l s  o f  R.
I n  C h a p t e r  IV  we u s e  t h e  i d e a  o f  c o m p l e t i o n ;  m o s t
o f  t h e  r e s u l t s  o b t a i n e d  a r e  r e l a t e d  t o  r i n g s  w h i c h  a r e
d i f f e r e n t i a b l y  s i m p l e  f o r  a  s i n g l e  d e r i v a t i o n  D. I n  T h eo rem  
4 . 2 ,  we show t h a t  a  d e r i v a t i o n  on  R c a n  b e  u n i q u e l y  e x t e n d e d  
t o  t h e  c o m p l e t i o n  R* o f  R . I n  T h eo rem  4 . 1 0  we show t h a t  a  
q u a s i  s em i  l o c a l  r i n g  o f  c h a r a c t e r i s t i c  0 w h ic h  i s  c o m p l e t e  
an d  d i f f e r e n t i a b l y  s i m p l e  f o r  a  s i n g l e  d e r i v a t i o n  D h a s  t o  
b e  o f  t h e  t y p e  K [ [ X ] ]  w i t h  K a  f i e l d ,  an d  X a n a l y t i c a l l y  
I n d e p e n d e n t  o v e r  K. I n  T h e o re m  4 . 1 3 ,  we show t h a t  i f  R i s  
a  s e m i  l o c a l  r i n g  o f  c h a r a c t e r i s t i c  0,  i f  R i s  d i f f e r e n ­
t i a l l y  s i m p l e  f o r  a  d e r i v a t i o n  D, i f  K i s  t h e  q u o t i e n t  f i e l d  
o f  R, i f  (R )*  i s  t h e  c o m p l e t i o n  o f  R, a n d  i f  
( x e ( R ) *  /  D(x)  = 0} c  K, t h e n  R -  R, a n d ,  i n  t h e  c a s e  o f  
R l o c a l ,  R c o n t a i n s  a  f i e l d  o f  r e p r e s e n t a t i v e s .  As a  
c o r o l l a r y ,  we g e t  t h a t  a  s em i  l o c a l  r i n g  o f  c h a r a c t e r i s t i c  0 
w hose  i n t e g r a l  c l o s u r e  R i s  c o m p l e t e  , an d  w h i c h  i s  D - s i m p l e  
f o r  a  d e r i v a t i o n  D, h a s  t o  b e  i n t e g r a l l y  c l o s e d .  I n  
T h e o re m  4 . 1 8 ,  we show t h a t  a  D - s i m p l e  s em i  l o c a l  r i n g  o f
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c h a r a c t e r i s t i c  0 i s  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g  i f  and  
i f  t h e  c o m p l e t i o n  R* i s  D - s i m p l e .  I n  T h e o re m  4 .1 7 *  we show 
t h a t  a  l o c a l ,  1 - d i m e n s i o n a l ,  D - s i m p l e  r i n g  may h a v e  a  f i e l d  
o f  r e p r e s e n t a t i v e s  an d  s t i l l  n o t  h e  i n t e g r a l l y  c l o s e d .  I n  
T h e o re m  4 . 2 6 ,  u s i n g  some t e c h n i q u e s  d e v e l o p e d  i n  t h i s  
C h a p t e r  IV ,  a n d  c o m p l e t e l y  i n d e p e n d e n t l y  o f  t h e  C h a p t e r  I I I ,  
we g i v e  a  new p r o o f  o f  t h e  P r o p o s i t i o n  3*14  w h ic h  s a y s  t h a t  
i f  R i s  a  N o e t h e r i a n  r i n g  o f  c h a r a c t e r i s t i c  0 w h ic h  i s  
d i f f e r e n t i a b l y  s i m p l e  f o r  a  f a m i l y  o f  d e r i v a t i o n s ,  t h e n  o v e r  
e v e r y  m i n i m a l  p r i m e  i d e a l  o f  R l i e s  o n e ,  and o n l y  one  p r i m e  
i d e a l  o f  t h e  i n t e g r a l  c l o s u r e  R.
We h a v e  n e v e r  s e e n  i n  t h e  l i t t e r a t u r e  an e x am p le  
o f  a  2 - d i m e n s i o n a l  r i n g  w h i c h  i s  d i f f e r e n t i a b l y  s i m p l e  f o r  
a  s i n g l e  d e r i v a t i o n  D. I n  C h a p t e r  V, we show t h a t  R = K[X,Y] 
w i t h  K a  f i e l d  o f  c h a r a c t e r i s t i c  0 i s  s u c h  a  r i n g .
I n  C h a p t e r  VI we h a v e  t r i e d  w i t h o u t  s u c c e s s  t o  
c h a r a c t e r i z e  t h e  v a l u a t i o n  r i n g s  w h i c h  a r e  d i f f e r e n t i a b l y  
s i m p l e .  H o w ev e r ,  we show i n  P r o p o s i t i o n  6 . 1  t h a t  i f  i t  i s  
g o i n g  t o  b e  d i f f e r e n t i a b l y  s i m p l e ,  a  v a l u a t i o n  r i n g  h a s  t o  
be  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g  c o n t a i n i n g  t h e  r a t i o n a l  
n u m b e r s ;  we a l s o  p r o o v e  i n  P r o p o s i t i o n  6 . 6  t h a t  t h e r e  e x i s t s  
some r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g s  w h i c h  c o n t a i n  t h e  
r a t i o n a l  n u m b e r s  a n d  w h ic h  a r e  n o t  d i f f e r e n t i a b l y  s i m p l e  f o r  
a n y  d e r i v a t i o n .  We t h e n  s t u d y  a  c l a s s  o f  R e e s  r i n g s  h a v i n g  
t h e  p r o p e r t y  t h a t  t h e i r  c o n d u c t o r  i n  t h e i r  c o m p l e t e  i n t e g r a l  
c l o s u r e  i s  ( 0 ) ;  we show t h a t  n e v e r t h e l e s s ,  t h o s e  R e e s  r i n g s  
a r e  n o t  d i f f e r e n t i a b l y  s i m p l e .
CHAPTER I  
PRELIMINARY RESULTS
T h r o u g h o u t  t h i s  d i s s e r t a t i o n  t h e  w ord  r i n g  w i l l  s t a n d  
f o r  c o m m u t a t i v e  r i n g  w i t h  1 .  G e n e r a l l y , ,  t h e  n o t a t i o n  and  
t e r m i n o l o g y  w i l l  b e  t h a t  o f  [ 1 4 ]  a n d  [ 1 5 ] ;  i-n  p a r t i c u l a r ,  we 
s h a l l  u s e  t o  d e n o t e  c o n t a i n m e n t ,  w h e r e a s  < w i l l  d e n o t e  
p r o p e r  c o n t a i n m e n t .
L e t  R b e  a  r i n g .  By a  d e r i v a t i o n  D o f  R one  m eans  a  
m a p p i n g  D o f  R i n t o  i t s e l f  s u c h  t h a t  D (a+ b )  = D (a )  + D ( b )  
a n d  .D(ab) = a D (b )  + b D ( a ) .  I f  D i s  a  d e r i v a t i o n  on R, and  S 
i s  a  s u b r i n g  o f  R, D i s  s a i d  t o  b e  r e g u l a r  on  S i f  D i s  a l s o  
a  d e r i v a t i o n  o f  S,  i . e .  i f  D(S) c  S . An i d e a l  A o f  R i s  
c a l l e d  a  D - d i f f e r e n t i a l  i d e a l ,  o r  D - i d e a l ,  i f  D(A) c  A. I f  
£  i s  a  f a m i l y  o f  d e r i v a t i o n s  o f  R, an  i d e a l  A o f  R i s  c a l l e d  
a  ^ - d i f f e r e n t i a l  i d e a l ,  o r  . 0 - i d e a l ,  i f  D(A) ^  A f o r  e v e r y  
D e .0. I f  R h a s  no  . 0 - i d e a l  o t h e r  t h a n  ( 0 )  a n d  ( 1 ) ,  R i s  
s a i d  t o  b e  -0 - s i m p l e .
I f  .0 i s  a  f a m i l y  o f  d e r i v a t i o n s  o f  R, t h e n  we c a r  
c o n s i d e r  G(0) = ( f i n i t e  l i n e a r  c o m b i n a i s o n s  o f  e l e m e n t s  o f  
£  w i t h  c o e f f i c i e n t s  i n  R};  G(-&) i s  a n o t h e r  f a m i l y  o f  
d e r i v a t i o n s  o f  R, a n d  we h a v e  R i s  0 - s i r n p l e  i f  a n d  o n l y  i f  
R i s  G ( 0 ) - s i m p l e  b e c a u s e  an  i d e a l  o f  R i s  o b v i o u s l y  a  
- 0 - i d e a l  o f  R i f  a n d  o n l y  i f  i t  i s  a  G ( 0 ) - i d e a l  o f  R. H en ce ,
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w h e n e v e r  i t  w i l l  h e  c o n v e n i e n t ,  we s h a l l  s u p p o s e  t h a t  
j& -  G( &) , an d  we w o n ' t  l o o s e  a n y t h i n g  i n  g e n e r a l i t y .
An i d e a l  A o f  R i s  s a i d  t o  b e  p r o p e r  i f  A /  R. I f
A a n d  B a r e  i d e a l s  o f  R, A:B s t a n d s  f o r  t h e  i d e a l
[xeR /  xB c  A ] .
I f  D is .  a  d e r i v a t i o n ,  D ^ ^ ( x )  w i l l  s t a n d  f o r  D ( D ( x ) ) ,  
a n d ,  b y  i n d u c t i o n ,  D^n ^ ( x )  w i l l  s t a n d  f o r  D(D^n " ^ ( x ) ) .
The  r e s u l t s  o f  t h i s  C h a p t e r  I  a r e  e l e m e n t a r y  r e s u l t s  
w h ic h  may, o r  may n o t  b e  f o u n d  i n  t h e  l i t t e r a t u r e .  Wheneve: 
we h a v e  b e e n  a b l e  t o  l o c a t e  o n e  o f  t h e s e  r e s u l t s  i n  t h e  
l i t t e r a t u r e ,  we m e n t i o n  t h e  r e f e r e n c e .
P r o p o s i t i o n  1 . 1 . L e t  R b e  a  r i n g  an d  D a  d e r i v a t i o n  o f  R.
T h en ,  1) D(Ei ^ 1a i ) = E 1^ 1D ( a i )
2) .  ^ ( D t a p T ^ a . )
3) D (0 )  = 0 ,  D (1) = 0,  D ( - 1 )  = 0
4) D ( r )  = 0 f o r  e v e r y  i n t e g e r  r .
P r o o f : 1) a n d  2) a r e  o b t a i n e d  f r o m  t h e  d e f i n i t i o n  o f  D by
a n  i t e r a t i o n  on k .
3) D(0)  = D (0-1-0) = f> (0 )+ D (0 ) ,  h e n c e  D (0)  = 0
D(1)  = D( ( 1 ) ( 1 ) )  = 1 D ( 1 ) + 1 D ( 1 ) ,  h e n c e  D ( l )  = 0 
0 = D(1)  = D ( ( - l ) 2 ) = 2 ( - l ) D ( - l ) ; t h e n ,  i f  
c h a r a c t e r i s t i c  o f  R i s  /  2,  we h a v e  D ( - l )  = 0 ,  a n d  i f  
c h a r a c t e r i s t i c  o f  R i s  2, we h a v e  - 1  = 1 ,  h e n c e  D ( - l )  =
D ( l )  = 0 a g a i n .
4)  I f  r  i s  a  p o s i t i v e  i n t e g e r ,  t h e n  we h a v e
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D ( r )  = r D ( l )  = 0 *  i f  r . i s  a  n e g a t i v e  i n t e g e r ,  we h a v e  
D ( r )  = ( - r . ) D ( - l )  = 0 .
P r o p o s i t i o n  1 . 2 . L e t  R b e  a  r i n g ,  D a  d e r i v a t i o n  o f  R, A
a n  i d e a l  o f  R. T h e n ,  D(An ) <= An _ 1 .
P r o o f :  L e t  x  e An ; t h e n ,  x -  E .. ^  a.  ..) w i t h  a.   ̂ e A1 —i - J —X l ; J J
f o r  e v e r y  i  -and j ,  a n d  h e n c e  D (x)  = l \ d ( I I , % .  .) =1 — X <1“ -L J
E . k .E .n , [ D ( a .  .)II , . a .  1 e An _ 1 .1=1  j = l L  ̂ l , J  m f j  l ,  m
C o n s e q u e n c e  1 . 3 . L e t  R b e  a  r i n g ,  3  a  f a m i l y  o f  d e r i v a t i o n s
o f  R, A a n  i d e a l  o f  R. T h en ,  fl °°,,An i s  a  3 - i d e a l .J * n =0
. P r o p o s i t i o n  1 . 4 . L e t  R b e  a  r i n g ,  3  a  f a m i l y  o f  d e r i v a t i o n s
o f  R, A a  i d e a l  o f  R. Then ,  Un^ 0 (A :Bn ) i s  a  i d e a l  f o r
e v e r y  i d e a l  B o f  R.
P r o o f : L e t  D b e  a n y  e l e m e n t  o f  3 ,  and  x >e Un™0 (A:Bn ) ;  l e t
nn b e  s u c h  t h a t  x  e A:B ; t h e n ,  we h a v e
D(xBn+ '*') = xD(Bn + ^) + D ( x ) B n_f l , an d  s i n c e  b y  t h e  c h o i c e  o f  n 
we h a v e  xBnH1 c  xBn ^  A, we g e t  D(xBn + 1 ) c  A f o r  A i s  a  3 -  
i d e a l ,  and D (x )B n'1'1 c: A, i . e .  D(x)  e A:Bn+1  c  Un” 0 (A:Bn ) .
P r o p o s i t i o n  1 . 5 . L e t  R b e  a  r i n g ,  3  a  f a m i l y  o f  d e r i v a t i o n s
o f  R s u c h  t h a t  R i s  ^ - s i m p l e .  T h en ,
1) F = [xeR /  D(x) = 0 V T) e 3 }  i s  a  f i e l d  s u c h  
t h a t  F /  {0} .
■2) I f  R h a s  c h a r a c t e r i s t i c  p -/- 0 ,  t h e n  R i s  a
p r i m a r y  r i n g ,  a n d  h e n c e  i s  e q u a l  t o  i t s  t o t a l
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q u o t i e n t  r i n g .
3) I f  R h a s  c h a r a c t e r i s t i c  p /  0 a n d  i s  a  d o m a in ,  
t h e n  R i s  a  f i e l d .
P r o o f : 1) L e t  D b e  a n y  e l e m e n t  o f  3 ,  x^  a n d  x ^  two
e l e m e n t s  o f  B1; t h e n  we h a v e  L ( x ^ )  =0= D ( x 2 ) ,  h e n c e  
D ( x 1+ x 2 ) = D ( x 1 )+ D ( x 2 ) = 0,  a n d  D ^ X g )  = x 1D(Xg) + x 2D(x-l ) 
0 ,  i . e .  t h a t  F i s  a  s u b r i n g  o f  R. Now, l e t  x  e F,  x  -/- 0 ;  
t h e n ,  f o r  e v e r y  D e ft,  we h a v e  D(x)  = 0 ,  a n d  i f  we c o n s i d e r
t h e  i d e a l  A ~ xR, we h a v e  D(A) = xD(R) -1- D (x )R  c  xR -  A, i . e
t h a t  A i s  a  . 0 - i d e a l ;  f u r t h e r m o r e  A -/■ ( 0 )  s i n c e  0 /  x e A,
h e n c e ,  R b e e i n g  . 0 - s i m p l e ,  we n e e d  t o  h a v e  xR = A = R, and
i n  p a r t i c u l a r  x  i s  a  u n i t  i n  R. T h en ,  f o r  e v e r y  D e we 
h a v e  D ( x x _ 1 ) ^  x D ( x - 1 ) + x _ 1D (x)  = x D ( x " '1' ) ,  and  s i n c e  
0 = D ( l )  = D ( x x - ^ ) ,  we g e t  x D ( x - ^) '= 0 ,  h e n c e  D (x  ■*") = 0
f o r  x i s  n o t  a  z e r o  d i v i s o r ,  h e n c e  x  ^ e F an d  F i s  a  f i e l d
Nov/, F i s  n o t .  {0} s i n c e  1 e B1.
2) L e t  t h e  c h a r a c t e r i s t i c  o f  R b e  p /  0 .  I f  t h e r e  
e x i s t s  a  non  u n i t  x o f  R s u c h  t h a t  /  0,  t h e n  f o r  e v e r y
D e 0 ,  we h a v e  D (x^)  = p x ^ ~ ^ D ( x )  = 0 ,  i . e .  t h a t  ( x ^ )  i s  a
p r o p e r ,  no n  z e r o  0 - i d e a l  o f  R, w h i c h  i s  a b s u r d .  H e n c e ,  i f  
x  i s  a n y  n o n  u n i t  o f  R, we h a v e  x^  = 0 ,  h e n c e  x  e e v e r y  
p r i m e  i d e a l  o f  R; t h u s ,  R h a s  o n l y  one  p r i m e  i d e a l ,  i . e .  i s  
a  p r i m a r y  r i n g .
3) T h i s  i s  a  d i r e c t  c o n s e q u e n c e  o f  2 ) .
Rem ark :  I n  T h eo rem  2 . 7 j  we s h a l l  e x h i b i t  some 0 - s i m p l e
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r i n g s  o f  a r b i t r a r y  c h a r a c t e r i s t i c  w h i c h  a r e  n o t  f i e l d s .
P r o p o s i t i o n  1 . 6 . L e t  R h e  a  r i n g ,  D a  d e r i v a t i o n  on  R. L e t
A b e  a  D - i d e a l  o f  R, an d  cp : R =» R/A t h e  c a n o n i c a l  map.
T h en ,  we c a n  d e f i n e  a  d e r i v a t i o n  D' on R/A by  
D ' (cp (x )  ) = c p (D (x ) ) .
P r o o f : D 1 i s  w e l l  d e f i n e d ,  f o r  i f  cp(x) = cp(y) ,  t h e n
x - y  e A, D ( x ) - D ( y )  = D ( x - y )  e A a n d  cp(D(x))  = cp(D(y) ) .
D' i s  a  d e r i v a t i o n  f o r  D 1 (cp(x)-i-cp(y)) -  B ' ( c p ( x + y ) )  = 
cp(D(x+y))  = cp(D(x) ) +cp(D(y)  ) -  D ' ( c p ( x ) )  + D ' ( c p ( y ) ) ,  and  
D 1 ( cp(x)cp(y)) = D 1 ( c p (x y ) ) = cp (D (xy))  = c p ( x D ( y ) + y D ( x ) ) = 
cp (x )cp(D (y)) + <p(y)cp(D(x)) = cp(x.)D ' (y )  + cp(y)D' ( x )  .
P r o p o s i t i o n  1 . 7 . L e t  R b e  a  r i n g ,  a  f a m i l y  o f  d e r i v a t i o n s
o f  R. L e t  A b e  a  m a x im a l  p r o p e r  i d e a l  ( i t  e x i s t s  b y  an
a p p l i c a t i o n  o f  Z o r n ' s  l e m m a ) .  F o r  e a c h  D e £ ,  d e f i n e  D' 
on  R/A a s  i n  P r o p .  1 . 6 ,  and  s e t  ’ = {D1}. T h e n ,  R/A i s  
a  A 1 - s i m p 1 e r i n g .
P r o o f : L e t  a g a i n  cp : R =* R/A b e  t h e  c a n i n i c a l  map; l e t  3
b e  an  i d e a l  o f  R/A s u c h  t h a t  (0 )  < <3 < R/A and  C = cp ^ ( 3 )  .
We h a v e  A < C. < R, h e n c e  t h e r e  e x i s t s  D e -& s u c h  t h a t  
D(C) /  C; l e t  c e C s u c h  t h a t  D (c )  /  C ; b y  t h e  d e f i n i t i o n  o f  
D'  we h a v e  D ' ( c p ( c ) )  = c p ( D ( c ) ) ,  h e n c e ,  s i n c e  D (c )  /  C = 
cp- ^ ^ ) ,  we g e t  t h a t  D ' (cp(c . ) )  /  3 ,  D ' ( 3 )  /  3 ,  arid R/A i s  n o t  
3 ' -  s i m p l e .
P r o p o s i t i o n  1 . 8 . L e t  R b e  a  r i n g ,  3  a  f a m i l y  o f  d e r i v a t i o n s
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o f  R. L e t  A b e  a  p r o p e r  4 - i d e a l *  an d  P a  m a x im a l  p r o p e r  
4 - i d e a l  c o n t a i n i n g  A ( i t  e x i s t s  b y  an  a p p l i c a t i o n  o f  Z o r n ' s  
l e m m a ) . T h en ,
1) P i s  a  p r i m a r y  i d e a l .
2) I f  R c o n t a i n s  t h e  r a t i o n a l  num bers*  t h e n  P i s
a  p r i m e  i d e a l .
3) I f  R h a s  c h a r a c t e r i s t i c  p /  0 an d  P i s  a  p r i m e  
i d e a l *  t h e n  P i s  a  m a x im a l  i d e a l .
4) P n e e d s  n o t  b e  a  p r i m e  i d e a l .
P r o o f : l )  S u p p o s e  x y  e P a n d  x /  P;  th e n *  P : ( y )  > P ^  A*
h e n c e  Un“ 0 ( P : y R) > P => A . By P r o p .  1 .4 *  Un“ 0 ( P : y n ) i s  a  
4 - i d e a l *  h en ce *  by  t h e  m a x i m a l i t y  o f  P* we h a v e  
Un “ 0 ( P : yn ) ~ h e n c e  t h e r e  e x i s t s  a n  i n t e g e r  n  s u c h  t h a t  
1 e P : y n * i . e .  s u c h  t h a t  y n  e P . Hence* P i s  p r i m a r y .
2) We know s u p p o s e  t h a t  R c o n t a i n s  t h e  r a t i o n a l  
n u m b e r s .  L e t  z e /~P; P b e e i n g  p r i m a r y *  t h e r e  e x i s t s  n  s u c h
t h a t  zn e P ;  c h o o s e  n  minimum; h e n c e *  z11- ^ /  P* an d
nz  " /  P s i n c e  n  i s  a  u n i t  i n  R. P b e e i n g  a  . 4 - i d e a l *  and
zn b e l o n g i n g  t o  P* we g e t  D ( z n ) = n z 11 ^ ( z )  e P* a n d  s i n c e
P i s  p r i m a r y  and  n z 11" ^  ^  P* we a l s o  g e t  D (z )  e /"p f o r  e v e r y  
D e 4* i . e .  t h a t  / P  i s  a  4 - i d e a l *  h en ce *  b y  t h e  m a x i m a l i t y  
o f  P* we h a v e  / P  = P* a n d  P i s  a  p r i m e  i d e a l .
3) I f  P I s  a  p r i m e  i d e a l *  t h e n  P./F i s  a  domain*
an d  i s  •4' - s i m p l e  b y  P r o p .  1 . 7 ,  h e n c e  i s  a  f i e l d  b y  P r o p .  1 . 5 ,  
an d  P I s  a  m a x im a l  i d e a l .
4)  An e x a m p l e  i s  g i v e n  i n  T h e o re m  2 . 7 -
1 2
R e m a r k : L a t e r  i n  P r o p .  1 . 1 6 ,  we s h a l l  show a  r e l a t e d  r e s u l t .
P r o p o s i t i o n  1 - 9 ■ L e t  R b e  a  N o e t h e r i a n  r i n g  c o n t a i n i n g  t h e
r a t i o n a l  numbers . ,  4  a  f a m i l y  o f  d e r i v a t i o n s  on R, A a  p r o p e r
4 - i d e a l  w i t h  P . , P n , . . , , P  a s  a s s o c i a t e d  p r i m e s .  T h e n ,  1 2 s
P . , . . . , P  a r e  4 - i d e a l s ,  and  A c a n  b e  w r i t t e n  a s  an  1 J 3 s 1
i r r e d u n t a n t  i n t e r s e c t i o n  Q ,0 . . .DQ o f  p r i m a r y  4 - i d e a l s .JL o
P r o o f : S e e  [ 1 1 ,  T h e o re m  1, 2 4 ] .
P r o p o s i t i o n  1 . 1 0 . L e t  R b e  a  r i n g  o f  c h a r a c t e r i s t i c  0 ,  4  a
f a m i l y  o f  d e r i v a t i o n s  on R. T h en ,  R i s  4 - s i m p l e  i f  and  o n l y
i f  R c o n t a i n s  t h e  r a t i o n a l  n u m b e r s  an d  t h e r e  d o e s  n o t  e x i s t  
a n y  p r i m e  4 - i d e a l  P s u c h  t h a t  (0 )  < P < R .
P r o o f :  I f  R i s  4 - s i m p l e ,  t h e n  b y  P r o p .  1 . R c o n t a i n s  t h e
r a t i o n a l  n u m b e r s ,  an d  f u r t h e r m o r e ,  i t  c e r t a i n l y  h a s  no  
p r i m e  - 4 - i d e a l  s u c h  t h a t  ( 0 )  < P < R. C o n v e r s e l y ,  i f  R
c o n t a i n s  t h e  r a t i o n a l  n u m b e r s  an d  w e r e  n o t  4--s i m p l e ,  t h e n  by
P r o p .  1 . 8 ,  t h e r e  w o u ld  b e  a  p r i m e  4 - i d e a l  F s u c h  t h a t
(0 )  < P < R.
R e m a r k : The  p r e c e d i n g  p r o p o s i t i o n  i s  n o t  t r u e  a n y m o re  i f
t h e  c h a r a c t e r i s t i c  o f  R i s  p /  0 ;  i n  T h eo rem  2 . 7 ,  we g i v e  
e x a m p l e s  o f  r i n g s  o f  a r b i t r a r y  c h a r a c t e r i s t i c  p /  0 w h ic h  
do n o t  h a v e  a n y  n on  z e r o  p r o p e r  p r i m e  4 - i d e a l ,  b u t  w h ic h  
a r e  n e v e r t h e l e s s  n o t  4 - s i m p l e .
P r o p o s i t i o n  1 . 1 1 .  L e t  R b e  a  r i n g  o f  c h a r a c t e r i s t i c  0,  4  a
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f a m i l y  o f  d e r i v a t i o n s  o f  R s u c h  t h a t  R i s  . 5 - s i m p l e .  T hen ,
R i s  a  d o m a in .
P r o o f : ( 0 )  i s  a  . 5 - i d e a l  s i n c e  D (0)  = 0 f o r  e v e r y  D e R
c o n t a i n s  t h e  r a t i o n a l  n u m b e r s  b y  P r o p .  1 . 5 . H e n c e ,  t h e r e  
e x i s t s  a  p r i m e  ■&-i d e a l  P s u c h  t h a t  ( 0 )  <= P < R b y  P r o p .  1 . 8 ;
b u t  s i n c e  R i s  . 5 - s i m p l e ,  we h a v e  ( 0 )  = P,  i . e .  t h a t  (0 )  i s
a  p r i m e  i d e a l ,  a n d  R i s  a  d o m a in .
U s i n g  P r o p .  1 . 5  a n d  1 . 1 1 ,  we c a n  s t a t e :
P r o p o s i t i o n  1 . 1 2 . L e t  R b e  a  r i n g ,  a  f a m i l y  o f  d e r i v a t i o n s
o f  R s u c h  t h a t  R i s  . 5 - s i m p l e .  T h en ,  i f  R h a s  c h a r a c t e r i s t i c
0 ,  R i s  a  dom ain  c o n t a i n i n g  t h e  r a t i o n a l  n u m b e r s ,  an d  i f  R
h a s  c h a r a c t e r i s t i c  p /  0 ,  R i s  a  t o t a l  q u o t i e n t  r i n g .
P r o p o s i t i o n  1 . 1 3 - L e t  R b e  a  r i n g ,  w i t h  t o t a l  q u o t i e n t  r i n g  
K, a n d  D a  d e r i v a t i o n  o f  R. T h en ,  D c a n  b e  e x t e n d e d ,  a n d  i n  
a  u n i q u e  way, t o  a  d e r i v a t i o n  D 1 o f  K. F o r  x / y  e K w i t h  
x,  y  e R, y  n o t  a  z e r o  d i v i s o r  o f  R, we h a v e
D' (-x/y) = JrD (x)  -  x D ( y ) / y 2 .
P r o o f : S e e  [ l 4 ,  lemma, 1 2 0 ] .
P r o p o s i t i o n  1 .  .14. L e t  R b e  a  r i n g ,  3  a  f a m i l y  o f  
d e r i v a t i o n s  o f  R s u c h  t h a t  R i s  5 - s i m p l e .  L e t  K b e  t h e  t o t a l  
q u o t i e n t  r i n g  o f  R, an d  f o r  e v e r y  D e 5 ,  c o n s i d e r  i t s  
e x t e n s i o n  t o  K a n d  c a l l  i t  D a g a i n .  T h en ,  x  e R i f  ( a n d  o n l y  
i f )  D(x) e R f o r  e v e r y  D e
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P r o o f : The f o l l o w i n g '  p r o o f  c a n  b e  f o u n d  i n  [ 9 ] -
L e t  x  e K s u c h  t h a t  D(x)  e R f o r  e v e r y  D e £ ,  a n d  l e t
J  = (aeR  /  ax  e R} . J  i s  an  i d e a l  o f  R b e c a u s e  i f  a  an d  b
a r e  e l e m e n t s  o f  J  a n d  r  an y  e l e m e n t  o f ' R ,  we h a v e  a x  e R,
b x  e R, a n d  ( a - b ) x  = ax  -  b x  e R and  ( r a ) x  = r ( a x )  e R; J  i s
a  i ^ - i d e a l  b e c a u s e  f o r  e v e r y  D e 3 ,  we h a v e  D ( J x )  =
D ( J ) x  + J D ( x )  c; r  s i n c e  J x  r  ̂ a n d  J D ( x )  c: r  s i n c e  J  c  R and
D(x) 6 R b y  h y p o t h e s i s ;  J  i s  n o t  (0 )  b e c a u s e  x  = y / z  v r i t h  
y .and z b e l o n g i n g  t o  R, z n o t  a  z e r o  d i v i s o r  i n  R s o  t h a t  
zx  -  y e R, an d  0 /  z e J .  T h e n ,  s i n c e  R i s  s i m p l e ,  we
h a v e  J  -= .R, t h u s  1 e J  a n d  x -  I x  e R.
D e f i n i t i o n : L e t  R b e  a  r i n g  w i t h  t o t a l  q u o t i e n t  r i n g  K.
L e t  D b e  a  d e r i v a t i o n  o f  R an d  S a  r i n g  s u c h  t h a t  R c  s  c  k . 
We s h a l l  s a y  t h a t  D c a n  b e  e x t e n d e d  t o  S,  o r  i s  r e g u l a r  on 
S, i f  t h e  e x t e n s i o n  o f  D t o  K i s  r e g u l a r  on  S, i . e .  t h a t ,  
c a l l i n g  D a g a i n  t h e  e x t e n s i o n  t o  K, we h a v e  D(S) G S.
P r o p o s i t i o n  I . I 5 . L e t  R b e  a  r i n g  w i t h  t o t a l  q u o t i e n t  r i n g  
K, D a  d e r i v a t i o n  o f  R. L e t  ^  b e  a  m u l t i p l i c a t i v e  s y s t e m  o f  
i d e a l s  o f  R, a n d  R^ = {xeK /  t h e r e  e x i s t s  I  e J  s u c h  t h a t  
x l  c= R} . T h e n ,  D c a n  b e  e x t e n d e d  t o  R j  ( a s  a  s p e c i a l  c a s e ,  
we g e t  t h a t  D c a n  b e  e x t e n d e d  t o  R^ i f  M i s  a  m u l t i p l i c a t i v e  
s y s t e m  o f  R c o n t a i n i n g  no  z e r o  d i v i s o r ) .
P r o o f : We c a l l  D a g a i n  t h e  e x t e n s i o n  t o  K. L e t  x b e  a n y  
e l e m e n t  o f  R^ and  I  e J  s u c h  t h a t  x l  R; t h e n ,  we h a v e  
I 2 e J ,  x l 2 c  x l  c  R an d  D ( x l 2 ) = D ( x ) I 2 + x D ( I 2 ) c  R; b u t
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x D ( I ^ )  d  x l  R, s o  t h a t  we g e t  D ( x ) I ^  c  r  an d  D(x)  e R^.
P r o p o s i t i o n  1 . 1 6 . L e t  R h e  a  dom a in  c o n t a i n i n g  t h e  r a t i o n a l
n u m b e r s ,  £  a  f a m i l y  o f  d e r i v a t i o n s  o f  R, A a  p r o p e r  f i-  
i d e a l .  L e t  P b e  a  p r i m e  i d e a l ,  m i n i m a l  f o r  t h e  p r o p e r t y  o f
c o n t a i n i n g  A ( o f  c o u r s e ,  s u c h  a  p r i m e  n e e d s  n o t  e x i s t ,  b u t
i f  i t  d o e s ,  i t  a  p r o p e r  p r i m e  i d e a l ) .  Then ,  P i s  a - £ - i d e a l .
P r o o f : F o r  e v e r y  D e D c a n  b e  e x t e n d e d  t o  Rp by  P r o p .
1 . 1 5 .  Now, i n  Rp, ARp i s  a  ^ - i d e a l  s i n c e  D(ARp ) =
D ( A ) R p + AD(Rp) c  ARp, a n d  PRp i s  t h e  o n l y  p r o p e r  p r i m e  i d e a l  
o f  Rp c o n t a i n i n g  ARp , h e n c e  b y  P r o p .  1 . 8 ,  PRp i s  a  ^ - i d e a l
o f  Rp , h e n c e  P -- PRp 5 R i s  a  i d e a l  o f  R.
C o n s e q u e n c e : L e t  R b e  a  d o m a in  c o n t a i n i n g  t h e  r a t i o n a l
n u m b e r s ,  £■ a  f a m i l y  o f  d e r i v a t i o n s  o f  R, Q a  i d e a l  s u c h
t h a t  / Q  i s  a  p r i m e  i d e a l .  T h en ,  /"Q i s  a  - & - i d e a l .
D e f i n i t i o n s : L e t  R b e  a  r i n g  w i t h  t o t a l  q u o t i e n t  r i n g  K.
An e l e m e n t  x  e K i s  s a i d  t o  b e  q u a s i  i n t e g r a l  o v e r  R i f  a l l  
t h e  p o w e r s  o f  x  a r e  c o n t a i n e d  i n  a  f i n i t e  s u b - R - m o d u l e  o f  K, 
o r  w h a t  comes  t o  t h e  same, i f  t h e r e  e x i s t s  a n  e l e m e n t  d e R, 
d n o t  a  z e r o  d i v i s o r ,  s u c h  t h a t  dx^  e R f o r  p = 0 , 1 , . . .
( s e e  [ 5 ] ) .  I f  R i s  N o e t h e r i a n ,  t h e  c o n c e p t s  o f  i n t e g r a l  
d e p e n d e n c e  an d  q u a s i  i n t e g r a l  d e p e n d e n c e  f o r  e l e m e n t s  o f  K 
becom e t h e  sam e.  The e l e m e n t s  i n  K t h a t  a r e  q u a s i  i n t e g r a l  
o v e r  R f o r m  a  r i n g  R '  c a l l e d  t h e  c o m p l e t e  i n t e g r a l  c l o s u r e  
o f  R, and  w h ic h  i s  e q u a l  t o  t h e  i n t e g r a l  c l o s u r e  R i n  t h e  
c a s e  o f  R N o e t h e r i a n .
g e n m v e g \ : - - > p y \ ; w - : : f - d 'V m n ' '■  ̂ . ; " 'n m  •••'•■ x v .  .»■ ; > ;  •• ’ ' " i / l  " i R :  ' /:■ f  b  . ' :
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P r o p o s i t i o n  1 . 1 7 .  Le t.  R b e  a  d o m a in  c o n t a i n i n g  t h e  r a t i o n a l  
n u m b e r s ,  D a  d e r i v a t i o n  on  R, R ' t h e  c o m p l e t e  i n t e g r a l  
c l o s u r e  o f  R. T h e n ,  D c a n  b e  e x t e n d e d  t o  R 1 .
P r o o f : S e e [ 1 2 ,  T h eo rem ,  168]
Rem a r k : I n [ 1 2 ,  p .  1 7 2 ] ,  S e i d e n b e r g  shows t h a t  t h e  P r o p .
1 . 1 7  i s  n o t - t r u e  f o r  r i n g s  o f  c h a r a c t e r i s t i c  p ■/ 0 .
P r o p o s i t i o n  1 . 1 8 . L e t  R b e  a  dom a in  c o n t a i n i n g  t h e  r a t i o n a l  
n u m b e r s ,  D a. d e r i v a t i o n  o f  R, R t h e  i n t e g r a l  c l o s u r e  o f  R.
S u p p o s e  t h a t  t h e  r i n g  R [ [ t ] ]  o f  f o r m a l  p o w e r  s e r i e s  i n  a
l e t t e r  t  o v e r  R i s  i n t e g r a l l y  c l o s e d .  T h en ,  D c a n  b e  
e x t e n d e d  t o  R.
P r o o f : S e e  [ 1 2 ,  T h e o re m  C, 1 7 0 ] .
R e m a r k : I n  t h a t  same p a p e r  [ 1 2 ] ,  S e i d e n b e r g  g i v e s  a.n
e x a m p l e  o f  a  d e r i v a t i o n  D o f  a  d o m a in  R c o n t a i n i n g  t h e  
r a t i o n a l  n u m b e r s  w h i c h  c a n n o t  b e  e x t e n d e d  t o  t h e  i n t e g r a l  
c l o s u r e  R o f  R.
Def i n i t i o n :  When we s h a l l  w r i t e  " L e t  R b e  a  f r - s l m p l e  r i n g " ,
we s h a l l  mean t h a t  R i s  a  r i n g ,  t h a t  i s  a  f a m i l y  o f  
d e r i v a t i o n s  o f  R, an d  t h a t  R i s  d i f f e r e n t i a b l y  s i m p l e  f o r  
t h a t  f a m i l y  o f  d e r i v a t i o n s .
P r o p o s i t i on  1 . 1 9 . L e t  R b e  a  ^ - s i m p l e  r i n g  w i t h  t o t a l  
q u o t i e n t  r i n g  K. L e t  8 b e  a  r i n g  s u c h  t h a t  R c  S ^  K, an d  
s u c h  t h a t  D c a n  b e  e x t e n d e d  t o  S f o r  e v e r y  D e &. T h en ,
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S i s  0 - s i m p l e .
P r o o f : I f  t h e  c h a r a c t e r i s t i c  o f  R i s  p /  0 ,  t h e  r e s u l t  i s
t r i v i a l  s i n c e  R -  K b y  P r o p .  1 . 1 2 .  I f  t h e  c h a r a c t e r i s t i c  o f
R i s  0 ,  l e t  (0 )  /  A b e  a  p r o p e r  i d e a l  o f  S,  a n d  c o n s i d e r
A' = AH R ■ A 1 i s  a  p r o p e r  i d e a l  o f  R; A'  i s  /  ( 0 )  b e c a u s e  
i f  we t a k e  0 ^  x e A, t h e n  x  = a / b  w i t h  a  a n d  b e l e m e n t s  o f  
R, a  /  0,  b n o t  a  z e r o  d i v i s o r  i n  R, so  t h a t  we h a v e  
0 /  a  = b x  e AH R = A 1. Now, s i n c e  R i s  0 - s i m p l e ,  t h e r e  
e x i s t s  D e 0 ,  an d  t h e r e  e x i s t s  y e A'  s u c h  t h a t  D(y)  /  A ' ,  
so  t h a t  D (y)  /  A, an d  A i s  n o t  a  0 - i d e a l .
P r o p o s i t i o n  1 . 2 0 . L e t  R b e  a  0 - s i m p l e  r i n g ,  R '  i t s  c o m p l e t e
i n t e g r a l  c l o s u r e .  T h e n ,  f o r  e v e r y  D e 0 ,  D c a n  b e  e x t e n d e d
t o  R 1  ̂ a n d  R' i s  0 - s i m p l e .
P r o o f : I f  t h e  c h a r a c t e r i s t i c  o f  R i s  p ^  0 ,  t h e  r e s u l t  i s
t r i v i a l  s i n c e  R = R 1 b y  P r o p .  1 . 5 .  I f  t h e  c h a r a c t e r i s t i c  o f  
R i s  0 ,  t h e n  R i s  a  d o m a in  c o n t a i n i n g  t h e  r a t i o n a l  n u m b e r s  
by  P r o p .  1 . 1 2 ,  e v e r y  D e 0  c a n  b e  e x t e n d e d  t o  R 1 b y  P r o p .  
1 . 1 7 ,  and  R '  i s  . 0 - s i m p l e  b y  P r o p .  1 . 1 9 .
P r o p o s i t i o n  1 . 2 1 . L e t  R b e  a  N o e t h e r i a n  r i n g  c o n t a i n i n g  t h e
r a t i o n a l  n u m b e r s ,  R i t s  i n t e g r a l  c l o s u r e ,  0  a  f a m i l y  o f
d e r i v a t i o n s  o f  R. T h en ,  R i s  . 0 - s i m p l e  i f  a n d  o n l y  i f  R
i s  .0 - s i m p l e .
P r o o f : I f  R i s  0 - s i m p l e ,  t h e n  R i s  0 - s i m p l e  b y  P r o p .  1 , 2 0 .
C o n v e r s e l y ,  s u p p o s e  t h a t  R i s  n o t  0 - s i m p l e ,  and l e t  (0 )  /- A
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b e  a  p r o p e r  - f r - i d e a l  o f  R; t h e n ,  c o n s i d e r  t h e  i d e a l  AR i n  R:
AR i s  ( 0 ) ,  an d  i s  n o t  R s i n c e  b y  C o h e n - S e i d e n b e r g ' s l y i n g
o v e r  t h e o r e m  t h e r e  i s  a  p r o p e r  p r i m e  i d e a l  o f  R w h ic h  
c o n t a i n  AR; f u r t h e r m o r e  AR i s , a  . f t - i d e a l  s i n c e  f o r  e v e r y  
D e we h a v e  D(AR) = D(A)R + AD(R) c  AR; h e n c e ,  R i s  n o t  
s i m p l e  e i t h e r .
P r o p o s i t i o n  1 . 2 2 . L e t  R b e  a  r i n g  w i t h  t o t a l  q u o t i e n t  r i n g  
K, S a  r i n g  s u c h  t h a t  R c  S K, a  f a m i l y  o f  d e r i v a t i o n s ,  
o f  K w h i c h  a r e  r e g u l a r  on  R an d  S .  L e t  C = [xeR /  xS c  R } .
T hen  C i s  a t ^ - i d e a l  o f  R an d  S,  a n d  a s  a  c o n s e q u e n c e ,  i f  R
o r  S i s  ^ - - s i m p l e ,  we ha.ve e i t h e r  C -  ( 0 )  o r  C = R = S.
. P r o o f : C i s  a n  i d e a l  o f  R a n d  S b e c a u s e  i f  x^  an d  x^  a r e
some e l e m e n t s  o f  C an d  s a n y  e l e m e n t  o f  8 , t h e n  we h a v e  
x-^S c  R^ x^S c  r ,  h e n c e  ( x ^ - x 2 )S c  R a n d  ( s x  )S- = x ^ ( s S )  c  
0CjS c  R, i . e .  t h a t  x^-x^ ,  e C and  sx ^  e C. C i s  a  ^ - i d e a l ,  
b e c a u s e  f o r  e v e r y  D e 1  we h a v e  D(CS) = D(C)S + CD(S) c  R 
s i n c e  CS <= R, an d  CD(S) c  OS <= r .
P r o p o s i t i o n  1 . 2 3 . Let. R be  a  d o m a in  w i t h  q u o t i e n t  f i e l d  K,
S a  d o m a in  s u c h  t h a t  R c  s <= k .  L e t  C = (xeR /  xS c  R} . 
T h e n ,  C i s  /  (0 )  i f  an d  o n l y  i f  S i s  c o n t a i n e d  i n  a  f i n i t e  
s u b - R - m o d u l e  o f  K.
P r o o f : S u p p o s e  t h a t  S i s  c o n t a i n e d  i n  a  f i n i t e  s u b - R - m o d u l e
o f  K; t h e n ,  S <= R ( a 1/ b 1 ) + . . . +R(anA n) a j_ and- e
b ^  ^  0 , f o r  i  = 1 , . . . , n ;  t a k e  b = w h ic h  i s  c e r t a i n l y
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-/ 0 ;  we h a v e  bS c  Ra^+-. . .+Ra-n  <= r .  C o n v e r s e l y ,  i f  
0 /  b e C, t h e n  we h a v e  bS c  R a n d  S c  R ( l / b ) .
As a  c o n s e q u e n c e  o f  P r o p o s i t i o n s  1 .19*  1 . 2 2 ,  1 .23*  we 
s e e  t h a t  i f  a  r i n g  R o f  c h a r a c t e r i s t i c  0 i s  s i m p l e ,  t h e n  
e i t h e r  R i s  c o m p l e t e l y  i n t e g r a l l y  c l o s e d ,  o r  t h e  c o m p l e t e  
i n t e g r a l  c l o s u r e  R '  i s  s u c h  t h a t  R 1 i s  n o t  c o n t a i n e d  i n  a  
f i n i t e  s u b - R - m o d u l e  o f  t h e  q u o t i e n t  f i e l d  K, an d  
C = {xeR /  x R 1 c  R] = (0 )  . I n  t h e  f o l l o w i n g  c h a p t e r ,  vre 
show t h a t  t h e  l a t t e r  c a n  h a p p e n  by  c o n s t r u c t i n g  a  l o c a l ,
1 - d i m e n s i o n a l , D - s i m p l e  r i n g  w h ic h  i s  n o t  i n t e g r a l l y  c l o s e d .
CHAPTER II
CONSTRUCTION OF A LOCAL, 1 -DIMENSIONAL, D-SIMPLE RING WHICH
I S  NOT INTEGRALLY CLOSED
Lemma 2 . 1 . L e t  R b e  a  d o m a in ,  b /  0 an e l e m e n t  o f  R, and  
S = ( b 1 /  i = 0 , l , . . . ) .  T hen  S I s  o b v i o u s l y  a  m u l t i p l i c a t i v e  
s y s t e m  o f  R, and  Pg = R [ l / b ] .
P r o o f : L e t  x  e Rg ; t h e n  x  -  r / s  w i t h  r  e R an d  s e S, h e n c e
s = b 1 f o r  some i  _> 0 an d  x  = r / b 1 = r ( l / b ) x e R [ l / b ]  .
C o n v e r s e l y ,  i f  x  e R [ l / b ] ,  t h e n  x  = r Q+r ;j_( l / b )  + . . . + r  ( l / b ) n 
w i t h  r ^  e R f o r  e v e r y  i ,  a n d  s i n c e  ( l / b ) 1 = l / b 1 e Rg , we 
•n, .get  t h a t  x  e Rg .
Lemma 2 . 2 . L e t  R b e  a  d o m a in  w i t h  q u o t i e n t  f i e l d  K, b /  0 
an  e l e m e n t  o f  R, S = [ b 1 /  i = 0 , l , T h e n  b b e l o n g s  t o  
e v e r y  p r i m e  i d e a l  o f  R i f  a n d  o n l y  i f  R [ l / b ]  = Rg = K.
P r o o f ; T h e r e  i s  a  1 - 1  c o r r e s p o n d e n c e  b e t w e e n  p r i m e  i d e a l s  
o f  Rq a n d  p r i m e  I d e a l s  o f  R w h i c h  m i s s  S .  So,  i f  we s u p p o s eO
t h a t  b b e l o n g s  t o  e v e r y  n o n  z e r o  p r i m e  i d e a l  o f  R, t h e n  t h e
o n l y  p r i m e  i d e a l  o f  R w h i c h  m i s s e s  S i s ' ( 0 ) ,  h e n c e  Rg h a s  no
p r i m e  I d e a l  o t h e r  t h a n  ( 0 )  a n d  ( 1 ) ,  i . e .  t h a t  Rg i s  a  f i e l d ;  
t h u s  Rg = K. C o n v e r s e l y ,  s u p p o s e  t h a t  t h e r e  e x i s t s  a  p r i m e  
i d e a l  P /  ( 0 )  o f  R s u c h  t h a t  b /  P a n d  t h a t  R [ l / b ]  = K; t h e n
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we h a v e  l / b  e Rp , h e n c e  K -  R [ l / b ]  Rp c  k , h e n c e  Rp = K, 
w h i c h  i s  a b s u r d .
Lemma 2 . 3 - L e t  R b e  a  l o c a l ,  1 - d i m e n s i o n a l  d o m a in ,  l e t  R b e  
i t s  i n t e g r a l  c l o s u r e .  T h e n  R i s  a  f i n i t e  R - m o d u le  i f  and  
o n l y  i f  t h e  c o m p l e t i o n  o f  R h a s  n o  n i l p o t e n t  e l e m e n t  o t h e r  
t h a n  0 .
P r o o f : See  [ 4 ,  S a t z  7 ,  4 6 4 ]  o r  [ 1 ,  3 3 0 ] .
As m e n t i o n e d  i n  t h e  i n t r o d u c t i o n ,  i n  t h e  f o l l o w i n g  
t h e o r e m ,  we s h a l l  u s e  a  m o d i f i c a t i o n  o f  an  i d e a  o f  A k i z u k i  
p r e s e n t e d  i n  [ 1 ] .
T h e o re m  2 . 4 . L e t  K b e  a  f i e l d  o f  a r b i t r a r y  c h a r a c t e r i s t i c ,
3 2 r ~ lY a n  i n d e t e r m i n a t e  o v e r  K, tr = a-, Y+a0Y + .  . . + a  Y + . . .  a n1 2  r
e l e m e n t  o f  K [ [ Y ] ]  w h i c h  i s  t r a n s c e n d e n t a l  o v e r  K [Y ] .  S e t
p o r -O
0 p = tt/ Y  = a p+ a p Y . ,+a^Y ' ~ + .  . .
0p = ( 0 1 - a 1 ) / Y 2 = a 2+ a 3Y ^ . . . + a r Y2 .
p r - l  p r  p r + k _ p r
6 -  (0  i - a  , ) /Y  = a  + a  , , Y + . . . +a ,, Y -  + . . .r  v r - 1  r - l y/ r  r +1  r+ k
T*
F o r  r • > 1 s e t  t p = ( 0 r ~ a r ) 2 , and  r r  = 7r - ( a ;LY+. . . + a r Y2 ~1 ) . 
S e t  a l s o  R = K[Y,t t ,  t p , t p , . . . ,  t  , . . . ] . Then  we h a v e :
R e s u l t  a ) :  The i d e a l  P = ( Y , tt)R i s  a  m a x im a l  i d e a l  o f  R.
R e s u l t  b ) : The r i n g  T = Rp i s  a  l o c a l ,  1 - d i m e n s i o n a l
d o m a i n .
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R e s u l t  c ) : The i n t e g r a l  c l o s u r e  T o f  T i s  n o t  a  f i n i t e
T - m o d u l e .
R e s u l t  d) : I f  D i s  a  d e r i v a t i o n  on K(Y,m) w h ic h  i s
r e g u l a r  on T, and  i f  T i s  D - s i m p l e ,  t h e n  D(Y) 
i s  a  u n i t  i n  T. N o t e  t h a t  i n  t h i s  c a s e ,  K h a s  
t o  b e  o f  c h a r a c t e r i s t i c  z e r o  by  P r o p .  1 .5 *
P r o o f :
R e s u l t  a ) :
C la im  1 : F o r  i  > 1,  we h a v e  t ^  e YR.
P r o o f : F o r  r  > 1,  we h a v e  t r _ 1 = ( 0 r _]_“ a r _ i )  2 =
(Y2 r _ 1 e r ) 2 = Y2 V  = Y2 r [ a r + ( 0 r - a r ) ] 2 =
Y2 r- ( a 2+ t r ) + 2 a r Y2 r ( 0 r - a r ) .  Now, Y ^ e ^ )  = Y ^ f Y ^ S ^ )  -
0 r+l_ pr+k_-1
Y[ar+1Y" +. . .+ar+kY " +>--] =
V
Y [ t t - ( a-j Y+agY^+. . .+a^Y 2 _ 1 ) ] = Ytr . H ence
2 r  p
t  = Y ( a  + t  ) + 2 a  Ytr e YRr _ l  \ T r / r  r
C l a i m  2 : P •= ( Y , 7r)R i s  a  m a x im a l  i d e a l  o f  R.
P r o o f : C o n s i d e r  t h e  c a n o n i c a l  map cp : R "> R / P ;  s i n c e
R = K[ Y, tt, t-^, . . . ,  t  , . . . ] ,  m e  P,  a n d  t ^  e P by  c l a i m  1,  we 
g e t  t h a t  cp ( K [ Y ] )  = cp(R), i . e .  R /P  = ( K [ Y ] )  /Pfl K [ Y ] ;  b u t  
FfiK[Y] i s  a p r o p e r  i d e a l  o f  K[Y] c o n t a i n i n g  YK[Y] w h i c h  i s  
a  m a x im a l  i d e a l  o f  K [Y ];  h e n c e  we h a v e  PHk [Y] = YK[Y] and.
R /P  = ( K [ Y ] )  /Pfl K [ Y ] = (K [Y ] ) /Y K [Y ]  ~  K.
R e s u l t  b ) :
We s e t  T = Rp ; s i n c e  R i s  a  d o m a in ,  T i s  a l s o  a. dom ain
C l a i m  3: K(Y,ir )  i s  t h e  q u o t i e n t  f i e l d  o f  T.
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2P r o o f :  F o r  i  > 1,  we h a v e  =
o'*- q IP F  rjX f~.
( a . + 1 Y2 + . . . + a i + k Y ^  “  + . . . ) 8  -
(l/Y2 l- 1 )2 (a1J.1Y 2l+1-1+ . . ,+ a, '/2l+k- 1+ . . , ) 2 -i +1 ' 1 ” ‘ i + k ‘
( l / Y 2 l “ 1 ) 2 [ 7r - ( a 1Y-i-. . .-i-a.Y2 _ 1 ) ] 2 = ( l / Y 2 ~1 ) 2irr  e K[ Y, ir, l / Y ]  . 
T hen  we h a ^ e  K[Y, ir] c  R = K[Y, ir, t ,  , . . ,  t  , . . . ] c  K[Y, ir, l / Y ]  .
H e n ce  K(Y,ir )  i s  t h e  q u o t i e n t  f i e l d  o f  R and o f  T = Rp .
2 ?  ̂— 2 C l a i m  4: ir i s  s u c h  t h a t  7r -- Y" t
-------------- r  r  r  r
P r o o f :  v  = w - ( a nY+ . . .+ a  Y2 ^ ) =  r  v 1 r  '
p r + l  ? r + k _i
a  , Y + . . .+ a  , Y + . . . =r +1  r + k
o r + 1 _i p r+ k _  r +1
Y^ ( a r + l + - * ' + a r + k Y + * " )  =
o r _l o r  p r +k o r  pr _i
Y ( a  n Y + . . . + a  , Y " + . . . ) ■ • =  Y (0 - a  ) .  T hen ,  wev r +1  r + k  , 1 v r  r '
, 2 / v 2 - 1 \ 2 / „ x2 V2 J - 2 ,g e t  irr  -  (Y ) ( 0 r - a r ) = Y +r  .
C l a i m  5 : Y b e l o n g s  t o  e v e r y  p r i m e  i d e a l  of- T . w h i c h  i s  /  ( 0 ) .
P r o o f : C o n s i d e r  T [ l / Y ] ;  we a r e  g o i n g  t o  show t h a t
T [ l / Y ]  = K ( Y , i r ) .  T a k e  B e K[ Y, m] j .  t h e n  we h a v e
( 1 ) 8  = ( dQ+d^YT . . .+dqY^) + s 1 i r+s2Tr2+ . . . + s n 7rU
w i t h  d .  e K f o r  .1 = 0 , 1 ,  . . . , q  a n d  s .  e K[Y] f o r  i  = l , . . . , n .
<-! r  12 - 1We h a v e  ir = ir + ( a / + .  . . + a  Y ) ,  h e n c e  . f o r  i  > 1,
r
= ir 6 . + ( a ,  Y + . . . + a  Y2 w i t h  6 . e R, a n dr  r ,  i  v 1 r  ' r ,  i
r
E . V  s . ir1 --- E . n -|7r s . 6 .+E . n n s .  ( a ,  Y+ . . .-t-a Y2 " 1 ) 1 . L e t  s e tl - l  l  i = l  r  i  r , i  i = l  i '  1 r  '
( 2 )  E - V s . S  . = 6  -which b e l o n g s  t o  P.x—j. x r  y x r
( 3 )  E i / 1 s i ( a 1Y + . . . + a r Y2 r _ 1 ) = Y f r ( Y ) ,  w h e r e  f r (Y) e K[Y] 
T h e n ,  s i n c e  f  (Y) e K [Y ] ,  w r i t e
f r ( Y) -  b r . l + b r , 2Y+- . . + b r , r Y r " 1+ Yrg r ( Y) w i t h  Sr ( Y) e Kt Y]
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a n d  b  . e K, so  t h a t  r ,  1 J
(4) E - A s . i r 1 = 7T 6 +Yf  (y)
I n  t h e  same way, f o r  r + 1 ,  we h a v e
E i " l * i 1rl -  V n 6 r + l + (S ! ' i t ib r + l , , i Yh + Y r + 2g r + 1 ('>'). L e t  show
t h a t  f o r  ,1 -  1 ,  . . . , r  we h a v e  b . = b , . . Ve  h a v er , .] r + 1 , j
Y Y  TM-1
7r = rr + ( a ,  Y+ . . .+ a  Y2 _ 1 ) = ir n + [ ( a ,  Y+ . . ,+ a  Y2 - 1 ) + a  , ,  Y2 ~1 ]r  \ i  r  > r + ]_ L v i  r  I r + i  J
r  r +1
h e n c e  w1 = r + ^  . + [ ( a]  Y+ . . , + a r Y2 _1 ) + a r + 1YS - 1 ] 1 ’ =
Y  . r + 1
7r ,-X , . + ( a , Y + . . , + a  Y2 Y)^+Y2 - 1 h , ,  . (Y) w i t hr +1  r + l , i  v 1 r  ' r + l , i v '
11 .Li - i(Y) e K[ Y ] .  H e n c e ,  a p p l y i n g  f o r m u l a s  ( 2 )  a n d  ( 3 )  weY - t - X ,  X »
i  v. n * , - o f i  / , v 2 ' - l \ i ,
g e t  2 i = l s i 7r -  E i = l irr +1  r + l , i +^ i = l s i ( a l Y+- • , + a r Y ) +
p r +1  n pfif-1- -l
E . n Y s . h  - . (Y) = ir n +Yf ( Y)+Y h , , ( Y )l - l  i  r + l , i '  ' r +1  r +1  r v ' r + l Y •
w h e r e  h r + 1 (Y) = S j_=ls i h r-+1 i ^ Y) 6 K [Y ] .  C o m p a r in g  t h i s
e q u a l i t y  w i t h  f o r m u l a  ( 4 ) ,  we g e t  t h a t  Y f r (Y)+Y2 " " ^ ^ ^ ( Y )
i s  e q u a l  t o  Yf (Y) . Wow, b y  d e f i n i t i o n ,  b , . i s  t h eX̂r* X X'-n1,1.
c o e f f i c i e n t  o f  t h e  t e r m  i n  Y1 o f  Yf , - , ( Y ) ,  h e n c e  o f  t h e  t e r m
r +1i O *1 y t I I
i n  Y o f  [Yf  (Y)+Y h r + 1 ( Y ) ] ;  b u t ,  2 - 1  > , r ,  h e n c e
f o r  i. < r ,  we s h a l l  h a v e  c o e f f i c i e n t  o f  t h e  t e r m  i n  Y1 o f
[ Y f r (Y)+Y ^ r + l ^ Y^  e Hua-l t o  t h e  c o e f f i c i e n t  i n  Y o f
Yf ( Y ) , i  . e .  t> , ,  . = b . .r K ' r + 1 , i  r , i
H e n ce ,  we h a v e  o b t a i n e d  t h a t  t h e r e  e x i s t s  
b 3 , b 2 , . . . . , b r , . . . e K, 6 1 X 2 , • • - j 6 r . • • e R c: T, and
g 1 ( Y) j S 2 ( Y) , , , , j g r ^ Y^ , , ‘ £ C T s ‘J c h  t h a t  E i 2 1 s i ir1 =
7r 6 +(E X-, b .YJ' )+ Y r + 1 g (Y) f o r  e v e r y  r  > 1 .  T h e n ,  c o n s i -r  r  ' j —1 j  tor v ' J —
d e r i n g  t h e  f o r m u l a  ( 1 ) ,  we g e t  t h a t  t h e r e  e x i s t s
e - j / Y ) , e p ( Y ) , . . . ,  e ( Y ) , . . . e K[Y] s u c h  t h a t
( 5 )  B = (S j-=0 d’1YJ')  + ( S ^ 1b J.YJ )+7rr 6 r +Yr + l e r ( Y) .
T
N o t e  t h a t  tt --= 7r - ( a 1Y+. . , + a r Y2 - 1 ) e P = (Y , i r )R ,  an d
t h e r e f o r e  t h a t  ir i s  a  n o n  u n i t  i n  T = R„ ,r  r
-  I f  d.Q /  0 ,  t h e n  b y  r e l a t i o n  ( 1 ) ,  we s e e  t h a t
3  -  d.,,+ [ (E .q -, d .YJ' )+E . n n s . tt1 ] i s  a  u n i t  i n  T, a n d  t h e r e f o r e0 1 v j = l  j  ' i = l  i  J
t h a t  1 / 3  e T c  T [ l / Y ] .
-  I f  d Q = 0 ,  d 1+ b 1 = 0 ,  ..........., d r - l + b r - 3  = 0 and
d ^ + b ^  /  0 , c o n s i d e r  t h e  r e l a t i o n  ( 5 ) t o  g e t
3  = ( d r + b r )Yr + 7Tr 6 r l-Yr + 1 e r (Y) = Yr [ ( d r + b r )+Yer  ( Y) 1 + t t /  r  ; 
s i n c e  ( d r + b r ) i s  /  0 ,  u>r  = ( d.r + b r )+Y er ( Y) i s  a  u n i t  i n  T; 
t h e n ,  # ( Y r uu -ir  6 ) = (Yr w +Tr 6 ) ( Y r w - t t  6 ) = Y2 r w2 ~7j-26 2 =
Y2 r io2 -Y2 _ 2 t  6 2 = Y2 r (uu2 -Y2 " " 2 r ~2 t  S 2 ) b y  t h e  c l a i m  4 .X* J* J* I* / v
now, s i n c e  uu i s  a  u n i t  a n d  t  a  no n  u n i t  i n  T, we g e t  t h a t
r  +1  ^ r2 2 - 2 r - 2  2uu — Y ~ t  6 i s  a  u n i t  i n  T, an d  h e n c e
r  r  r  r +1
1 / B  = [ ( ’W u i j . - V r l A ” r - Y® " 2 r ‘ 2 t r 6 r ) K l / Y 2 r ) « T [ l / Y ] ,
-  S u p p o s e  t h a t  d^+b^ = 0 f o r  e v e r y  i  > 0 .  T h e n ,  b y  
r e l a t i o n  ( 5 ) we g e t  t h a t  3  = 77-6 +Yr + d e r (Y) f o r  e v e r y  r  > 1,
i "* I -
h e n c e  3  e )R f o r  e v e r y  r  > 1 .  B u t
R = K [ Y , m , t  , t  , . . . , t  , . . . ]  c  K [ [ Y ] ] ,  a n d
Qr +1  9 r + k  p r + l
Tr  = d r + l Y ’+ • • •+ a r +kY '  + . . .  e Y K [ [ Y ] ] ;  h e n c e
S e (t t  , Yr + 1 )R C (ir ,Y r + 1 )K[ [Y] ] c  Yr + 1K [ [ Y ] ]  f o r  e v e r y  r ,
i . e .  8  e n r : 0 Yr K [ [ Y ] ]  = ( 0 ) .
H e n c e ,  we h a v e  o b t a i n e d  t h a t  i f  3  e K [Y , r r ] ,  t h e n ,  e i t h e r  
1/0? e T [ l / Y ] ,  o r  3  = 0 .  Now, we h a v e  s e e n  i n  C l a i m  3 t h a t  
K[ Y, tt'] c  T c; T [ l / Y ] c: K( Y, it) ; s o ,  i f  r\ i s  a n  e l e m e n t  o f
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K ( Y , t t ) ,  we h a v e  r\ = v/X. w i t h  v an d  X i n  K [Y , i r ] ,  X /  0 ,  h e n c e  
b o t h  v a n d  X b e l o n g  t o  T [ l / Y ] ,  and  r| e T [ l / Y ] ,  So, we 
o b t a i n  t h a t  K(Y, 7r) = T [ l / Y ] ,  a n d  b y  lemma 2 . 2 ,  Y b e l o n g s  
t o  e v e r y  p r i m e  i d e a l  o f  T.
C l a i m  6: P2 = YP, t h a t  i s  t o  s a y  ( Y , tt) 2R -  Y(Y,7r)R.
P r o o f : 7r2 -  ( Y0i ) 2 = Y] 2 =
n o  9 9 9 9 9 9 9 9 9
a l Y + ( 0 l “ a l )  Y + 2 a l ( 0 l - a l ) Y = a i Y' + t 1Y^+2a] =
( t l - a l )  Y2+ 2 a i 0 i Y2 = ( t ^ - a ^ )  Y2+ 2 a pY7r s i n c e  0 p = tt/ Y ;  h e n c e  
7r2 e (Y^,  Y7r)R. T h e n  we h a v e  P 2 = (Y, t t ) 2R -- ( Y2 , Yir, 7f2 )R = 
(Y2 ,Yrr)R = Y(Y,Tr)R = Y P .
C l a i m 7: ir b e l o n g s  t o  e v e r y  p r i m e  i d e a l  o f  T - w h i c h  i s  /  . ( 0 ) .
2P r o o f : By C la im  b we h a v e  ir = YX f o r  some X e R, 
s o  l / Y  = 1 ( 1 / t t 2 ) e T [ 1 / t t ] .  N o w  b y  C la im  5 we h a v e  K(Y,t t )  ■=
T [ 1 / Y ] ,  h e n c e  K ( Y , tt) -  T [ l / Y ]  c  T [ 1 / tt] c  K ( Y , tt) ,  h e n c e  
K(Y, ir) = T [ 1 / tr ] ,  a n d  b y  lemma 2 . 2  ir b e l o n g s  t o  e v e r y  p r i m e  
i d e a l  o f  T.
C l a i m  8 : T i s  1 - d i m e n s i o n a l ,  l o c a l .
P r o o f : Y a n d  ir b e l o n g  t o  e v e r y  p r i m e  i d e a l  o f  T,
h e n c e  PT = (Y , t t )T  i s  c o n t a i n e d  i n  e v e r y  p r i m e  i d e a l  o f  T.  
H o w ev e r ,  T = Rp , so  t h a t  PT = PRp i s  a l s o  t h e  u n i q u e  m ax im a l  
i d e a l  o f  T; h e n c e  PT i s  t h e  o n l y  n o n  z e r o  p r o p e r  p r i m e  i d e a l  
o f  T .  F u r t h e r m o r e  t h a t  i d e a l  PT i s  f i n i t e l y  g e n e r a t e d  s i n c e  
Y and  ir f o r m  a  s y s t e m  o f  g e n e r a t o r s  f o r  i t .  T h u s ,  T i s
1 - d i m e n s i o n a l ,  l o c a l .
R e s u l t  c ) :
C l a i m  9: 0 p = 7r/ Y ^ a n a  Tr /  YR •
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P r o o f : S u p p o s e  t h a t  0^ e R = K[Y, 7r, . . . ,  t  , . . . ] .
T hen  0 ^  = f ( i r ,  t ^ ,  . . . , t ^ )  w h e r e  f  i s  a  p o l y n o m i a l  i n  k+1 
i n d e t e r m i n a t e s  o v e r  K [ Y ] . B u t  i n  C la im  1,  we h a v e  s e e n
p r  p 1
t h a t  t  , = Y ( a  + t  ) + 2 a  Y[t t-  ( a ,  Y+ . . . + a  Y ) ]  = r - 1  v r  v  r  L v 1 r  ' J
ry  ̂ p P^*_ 1 Q*
[ Y a  - 2 a  Y ( a , Y + . . .  + a  Y ) ] + ( Y ^  ) t  + ( 2 a  Y)ir, i . e .  t h a t  tr  r  v 1 r  '  / r  \ Y / > r _p
c a n  h e  e x p r e s s e d  a s  a  l i n e a r  c o m b i n a i s o n  o f  1,  - t  , an d  tt
w i t h  c o e f f i c i e n t s  i n  K [ Y ] . H ence j  b y  i t e r a t i o n ,  we g e t  t h a t
t i * t g *  . . • , t ^ _ i  c a n  b e  e x p r e s s e d  a s  a l i n e a r  c o m b i n a i s o n  o f
1 ,  t ^ ,  an d  ir, w i t h  c o e f f i c i e n t s  i n  K [Y ] .  H ence ,
0 1 -  f  (ir, t - ^  . . . ,  t k ) = F ( tt, t fe) -  F ( Y 0 1 , ( 0 k - a k ) 2 ) w h e r e  F
i s  a  p o l y n o m i a l  i n  two i n d e t e r m i n a t e s  o v e r  K [ Y ] .
2r_1
B u t  we h a v e ,  b y  d e f i n i t i o n ,  0^  ^ = Y ®r+ a r - l *  t h e n ,
? p 2
f r o m  0^ = Y 'd^-i-a^ a n d  0 ^  = Y 9^+a^,  we g e t  t h a t
6 2 ~ 2^"-20 ^  = Y 0^+Y ' a ^ + a ^ ;  b y  i n d u c t i o n ,  s u p p o s e  0̂  ̂ = Y
2^w i t h  3^  e K [Y ] ;  t h e n ,  s i n c e  0^ = Y we S e t  t h a t
p t _ o  , p i  p t b l _ p
0 1 = Y 0 i + l + P i + l  = Y 0 i + l +i* i + l  w i t h  3 . , ^  e K[Y] .
H e n c e ,  i n  p a r t i c u l a r ,  we h a v e
(6 )  0 1 -  Y2 " 2 9k+Pk  w i t h  3 k e K [ Y ] .
S i n c e  tt i s  t r a n s c e n d e n t a l  o v e r  K [Y ] ,  0 ,  = ir/Y and
2k - 2
0 k  ~ a r e  a -1 so  t r a n s c e n d e n t a l  o v e r  K[Y] . So
2
now, i f  we c o n s i d e r  o u r  G, -- F( Y0-,, ( 0 , - a . )  ) ,  an d  u s e  t h e
r e l a t i o n  ( 6 ) ,  we g e t
k  &
( 7 )  Y2 ~2 0 k -  G(Y2 “ 10 k , ( 9 k - \ ) 2 ) w h e r e  G i s  a
p o l y n o m i a l  i n  two i n d e t e r m i n a t e s  o v e r  K[Y] ,  s a y  G(X^,Xg)  e
K [ Y ] [ X ^ , X g ] .  B u t  s i n c e  9 k i s  t r a n s c e n d e n t a l  o v e r  K [Y ] ,w e  ge^
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( 8 ) Y2^ ^  -  C ^ - l v K - a J 2 )k. v " k J v" k  k ;
2 ,ok ow h e r e  -• s t a n d s  f o r  e q u a l i t y  b e t w e e n  t h e  e x p r e s s i o n s  Y ^
V
2  - 1  2 an d  G (Y '  ~ Q^, ^®k~a k^ ) c o n s i d e r e d  b o t h  a s  p o l y n o m i a l s  i n
t h e  i n d e t e r m i n a t e  0 .̂ o v e r  t h e  r i n g  K [Y ] .
We a r e  g o i n g  t o  show t h a t  t h e  e q u a l i t y  ( 8 ) i s  a b s u r d .
G(X1 ,X 2 ) e K[Y ] [X-j, X g ] ; l e t  w r i t e
G ( X , , X 0 ) -  C+X .n ., s .X^+Xm~ 2 t .  Xj-Xo w h e r e  C, s . ,  t .  e K[Y]v 1 J 2 ' j ~ l  j  2 i >0  l j i n  1 2 * :i i , m  L J
2 - 1f o r  e v e r y  1, i  and  m c o n c e r n e d .  When we s u b s t i t u t e  Y 0^
2t o  X-j a n d  ( 0 ^ - a ^ . )  t o  Xg, we g e t  t h a t  t h e  r i g h t  h a n d  s i d e  
o f  ( 8 ) ,  i . e .  G(Y2 ( G^-a^.) 2 ) , i s  s u c h  t h a t
( 9 )  G(Y2 k - \ , { V \ . ) ' 2 ) “  V « k ) 8 J+
lc
X .. ^ t .  ( Y 0. ) ( 0, - a ,  )ihO i , n r  k t  v k k ;
irGiO
P ^ - l
L e t  show t h a t  Y'" d i v i d e s  s .  f o r  j  = l j  . , , , n .
1
PnC o n s i d e r  t h e  t e r m  i n  0, : i t s  c o e f f i c i e n t  i s  s +E Pk. -i n  u. u. 9 n
2 - ]w h e r e  e a c h  p i s  a  m u l t i p l e  o f  Y ; a l s o ,  s i n c e  n > 1, 
Uj h
we h a v e  2n > 1,  a n d  t h e  l e f t  h a n d  s i d e  o f  ( 8 ) h a s  no t e r m
i n  0i2 n ; h e n c e ,  b y  ( 8 )  we need, t o  h a v e  s +X P = 0 ,  and.K. , i n  a  u ,  n
2 - 1  2 - 1  s i n c e  Y ' d i v i d e s  e a c h  p , Y m u s t  a l s o  d i v i d e  s „ .u ,  n  . n
2 - 1Now, b y  i n d u c t i o n ,  s u p p o s e  t h a t  Y d i v i d e s  s . s s ,
n  n - x  j
i f  , j - l  > 1,  c o n s i d e r  t h e  t e r m  i n  o f  t h e  r i g h t  h a n d
s i d e  o f  ( 8 ) ;  l o o k i n g  a t  ( 9 ) j we s e e  t h a t  i t s  c o e f f i c i e n t  i s
w h e r e  e a c h  p . ,  i s  a  m u l t i p l e  o f  
u , j  -  J.s . , +Z ^ . s P +S P j - . l  v > j  v v u  u ,  j-
2 ^ - 1  2^- 1  Y , an d  w h e r e  e a c h  s ^  i s  a  m u l t i p l e  o f  Y b y  t h e
h y p o t h e s i s  o f  i n d u c t i o n ;  b u t ,  s i n c e  j - 1  i s  supposed ,  t o  b e
> 1 , we c e r t a i n l y  h a v e  2 ( j - l )  > 1 , h e n c e  t h e  l e f t  h a n d  s i c t
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o f  ( 8 ) h a s  no  t e r m  i n  h e n c e
2k - l
s j - l +Ev > j Sv V Eu  Pu , j - 1  = ° '  henC e  Y d i v i d e s  s ^ .  T h u s ,
2 - 1we h a v e  o b t a i n e d  t h a t  Y d i v i d e s  s , s s n . L e t  usv n n - i  i
2 - 1w r i t e  s .  = Y r . ;  we t h e n  h a v e
G(Y2k - \ , ( V a k ) 2 ) = C+EA r j T2k ‘ 1 ( V ak ) 2 '1+
V
P —1 i Pm
E . .  ~ t -  (Y ' 0, ) ( 0 , - a ,  ) , and  h e n c ei >0  i , m v k '  v k  k '  J
m>0
2k - lY d i v i d e s  t h e  c o e f f i c i e n t  o f  i t s  t e r m  i n  0 ^ .  H ow ever ,
t h e  c o e f f i c i e n t  o f  t h e  t e r m  i n  0 , o f  t h e  l e f t  h a n d  s i d e  o f
k K k2 - 2  2 - 2( 8 ) i s . Y  , an d  i s  n o t  a  m u l t i p l e  o f  Y H e n ce ,  t h e
l e f t  h a n d  s i d e  a n d  t h e  r i g h t  h a n d  s i d e  o f  ( 8 ) a r e  n o t  t h e
same, w h i c h  i s  a b s u r d .  H e n ce  0 p /  R, a n d  t t  ^  YR.
C l a im  10: T i s  n o t  a  f i n i t e  T - m o d u l e .
P r o o f : L e t  T* b e  t h e  c o m p l e t i o n  o f  T w i t h  t h e  P T - a d i c
t o p o l o g y ;  c o n s i d e r  t h e  s e q u e n c e  k o r  m ^  n j  we ^ a v e
p l l  P ^ - 1
7rn~7rm = [ Tr" ( a 1Y+- • -+ a nY ~ ) ] ~ [ k - ( a 1Y+. . . + amY- ) ]  =
p n + 1 _ i  9 m 1 n n
a n + 1 Y + . .  ,+a^Y ~x e Y R c  p n T, h e n c e  t 3r >Q i s  a
C au c h y  s e q u e n c e  i n  T.  L e t  j3 = l i m  t t ^ e T * . S u p p o s e  t h a . t  
irr  e P2T; t h e n ,  • tt e P 2T H R = P 2Rp H R p 2 s i n c e  P 2 i s  a  
p r i m a r y  i d e a l  o f  R a s  a  p o w e r  o f  a  m a x im a l  i d e a l .  B u t ,  by
Cla im -  6 we h a v e  P 2 = YP, h e n c e  rr e P^  = YP c  YR, h e n c e
r  r2 - 17r -  7rr + ( a-^Y-i-. . .+a^Y ) e YP a l s o ,  w h i c h  i s  a  c o n t r a d i c t i o n
2w i t h  C l a i m  9- H e n c e ,  tt̂  /  P T f o r  e v e r y  r  > 0 ,  h e n c e
(3 = l i m  t t  i s  /  0 ,  r  '
2 2S i n c e  P = l i m  t t  , we h a v e  P = l i m  tt f o r  i f  3 - i r  e 
r  r +1
Pn T * , t h e n  P 2 - t t 2 = ( P - 7rr ) ( 3+Trp ) e Pn T* . B u t  tt2 = Y2 ~2 t r
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2 2b y  C l a i m  4 ,  h e n c e  0 = l i m  ir = 0,  w h i c h  p r o o v e s  t h e
e x i s t e n c e  o f  a  n o n  z e r o  n i l p o t e n t  e l e m e n t  i n  T* . Hence. , b y  
lemma 2 . 3 ,  T i s  n o t  a  f i n i t e  T - m o d u l e .
R e s u l t  d ) :
L e t  D b e  a  d e r i v a t i o n  on K(Y., t t )  w h i c h  i s  r e g u l a r  on T
a n d  f o r  w h i c h  T i s  D - s i m p l e .
C l a i m  1 1 : F o r  r  > 1 ,  i s  a  n on  u n i t .
P r o o f : We h a v e  P = (Y,ir )R  and  r r r  =  t t -  ( a-^Y-f . .+ a  Y^
h e n c e  P~ (Y ,i r  )R a n d  PT = (Y ,i r  ) T .  F u r t h e r m o r e ,  tt /  YT,
b e c a u s e  i f  ir e YT, t h e n  t h e  m a x im a l  i d e a l  o f  T won I d  b e  r
p r i n c i p a l ,  h e n c e  T w ou ld  b e  a  r e g u l a r  l o c a l  d o m a in ,  hence .  T
w o u ld  b e  i n t e g r a l l y  c l o s e d ,  w h i c h  i s  n o t .
2 2r+1-2 
By C la im  4 ,  we h a v e  tt = Y t  , h e n c e
2
t  = t t  /Y  e T, s o  t h a t
D ( t r ) = [27rr D(Trr )Y2 r + 1 " 2 - ( 2 r + 1 - 2 ) Y 2 ' + 1 _ 3 D(Y)7T^j/Y2 ( 2 r + 1 " 2 ) -
p_j_2 p + l
t ( 2 7 r r D(7rr ) ) / Y 2 ' " 2 ] - [ ( ( 2 r + 1 -2 ) D ( Y ) m 2 ) /  Y2 - 1 ] e T.
r +1
H o w ev e r ,  t t 2  = Y2 - 2 t  b y  C la im  4  and  t  e YR c  YT b y
r  r r + l  r2  2  -1  C l a i m  1,  h e n c e  7 e Y T, an d
r+ 1  2
[ ( ( 2  -2 ) D ( Y ) i r  ) /  Y ] e T .  T h e n  we g e t  t h a t
y . j
[(27Tr D(rrr ) )  •/ Y2 " 2 ] e T, h e n c e  2irr D(irr ) e Y2 ~2T, h e n c e ,
s i n c e  b y  P r o p .  1 . 5  T c o n t a i n s  t h e  r a t i o n a l  n u m b e r s ,  we g e t  
t t  D(/rr ) e  Y 2  - 2T c  YT f o r  e v e r y  r  > 1 ;  now, s i n c e  irr  p '  YT, 
D ( tt̂ )  c a n n o t  b e  a  u n i t .
C l a i m  1 2 : D(Y) i s  a  u n i t  i n  T.
P r o o f : PT = (Y, ir )T  i s  t h e  u n i q u e  m a x im a l  i d e a l  o f  T
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a n d  b y  C l a i m  11 D (tt ) e PT = (Y,-irr )T ;  h e n c e ,  i f  T i s  D - s i m p l e  
we n e e d  to- h a v e  D(Y) /  PT, i . e .  D(Y) n e e d  t o  h e  a  u n i t  i n  T.
Lemma 2 . 5 . L e t  F b e  a  p r i m e  f i e l d  o f  a n y  c h a r a c t e r i s t i c ,
{ X f , X g , . . . , X , . . . )  a  s e t  o f  i n d e t e r m i n a t e s  o v e r  F,
K = F ( X ^ ,X g ,  . . . , X , . . . ) ,  and  Y a n  i n d e t e r m i n a t e  o v e r  K.
Th en ,  t h e r e  e x i s t s  b- , , b p , . . . ,  b , . . . e F s u c h  t h a t
v <=- r  
P 2 - 17t -  b ,  X-, Y+b„X„YJ + . . ,+b X i  + . . .  i s  t r a n s c e n d e n t a l  o v e r  1 1  2 2 r  r
K[Y] .
P r o o f : F i s  a  c o u n t a b l e  s e t ,  so  F [ X ^ , . . . , X , . . . ] ,
a s  w e l l  a s  K = F ( X ^ , . . . , X , . . . ) ,  a s  w e l l  a s  K [Y ] ,  a s  w e l l  a s
%
t h e  a l g e b r a i c  c l o s u r e  o f  K(Y) a r e  c o u n t a b l e  s e t s .  On t h e
.  *.00
o t h e r  h a n d ,  t h e  s e t  o f  s e q u e n c e s  i 'bpJj__o w i t h  b^  e F f o r  
e v e r y  i  > 0 i s  a n  u n c o u n t a b l e  s e t ;  h e n c e ,  t h e  s e t  o f  e l e m e n t s
T
o f  t h e  t y p e  c-,X-,Y+. . . + c X Y^ - ^ + .  . . w i t h  c .  e F i s  ' - ^ 1 1  r  r  1
u n c o u n t a b l e .  H e n ce ,  t h e r e  e x i s t s  b , , . . .b  , . . .  e F s u c h  t h a t1 r
2 r - l7t = b., X., Y+ . . .+b  X Y + . . .  i s  t r a n s c e n d e n t a l  o v e r  K fY ] .1 1 r  r  L J
Lemma 2 . 6 .  L e t  R b e  a  d o m a in ,  M a  m u l t i p l i c a t i v e  s y s t e m  o f  
R, T a n ^ D a  d e r i v a t i o n  on t h e  q u o t i e n t  f i e l d  o f  R.
T h e n ,  D(R) c  T ( i f  and.) o n l y  i f  D(T) c u t . '
P r o o f : T a k e  ? e T; t h e n ,  3 = r / s  w i t h  r  e R a n d  s e M; t h e n
D(P) = [ s D ( r ) - r D (  s )  ] / s ^ ,  and  s i n c e  r  a n d  s e R,. and  D(R) c  T, 
we h a v e  t h a t  s D ( r ) - r D ( s )  e T, an d  D(3)  = [ s D ( r ) - r D ( s ) ] / s ^  e T
T h e o re m  2 . 7 . L e t  F b e  a  p r i m e  f i e l d ,  (X-^, . . . ,X , . . .} a  s e t  
o f  i n d e t e r m i n a t e s  o v e r  F, K = F ( X ^ , ' .  . . ,  X , . . . )  . L e t
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T
tt -  b ,  X, Y+b0X,.,Y^+. . .+b  X Y2 _1+ . . .  w i t h  b e F f o r  e v e r y  r  1 1 2  2 r r  r
be  t r a n s c e n d e n t a l  o v e r  K [Y ];  ( s u c h  a  v  e x i s t s  b y  Lemma 2 . 5 ) -  
W i th  t h a t  f i e l d  K a n d  t h a t  p o w e r  s e r i e s  tt, c o n s t r u c t  t h e  
d o m a in  T = KfY, tt, t ^ ,  . . . ,  t  , . . .  ] p a s  i n  T h eo rem  2 . 4 .
-  S e t  D(q)  = 0 f o r  e v e r y  q eF
-  S e t  D(Y) = 1
L e t  k b e  t h e  f i r s t  i n t e g e r  > 2 s u c h  t h a t  b, /  0 .
k
-  S e t  D(tt) = ( 2 k - l ) b k Xk Y2 “ 2+ b 1X1
-  S e t  D(X1 ) = . . .  = D t X ^ )  = C
By i t e r a t i o n ,  i f  b .  4  0,  a n d  i f  b . , i s  t h e  n e x t  n o n  z e r oJ 3 i  ' 3 i + n
c o e f f i c i e n t ,
-  S e t  D (X l ) = . . .  = =
Qi + n  0 i
_ ( 2 1+ n _ i ) ( b .  / b . ) X. Y v K i+n '  i ' i + n
T h e n ,  a )  D c a n  b e  e x t e n t e d  t o  a  d e r i v a t i o n  on K(Y,ir)  --- 
F(X ^ ,  X2 , . . . ,  X^, . . . ; Y, ir) w h i c h  i s  r e g u l a r  on T.
b )  T h a s  n o  p r i m e  D - i d e a l  B s u c h  t h a t  ( 0 )  < B < T.
c )  I f  F = t h e  r a t i o n a l  n u m b e r s ,  t h e n  T i s  D - s i m p l e ,
a n d  o f  c o u r s e ,  b y  T h e o re m  2 . 4 ,  T i s  a l s o  l o c a l ,
1 - d i m e n s i o n a l ,  n o t  i n t e g r a l l y  c l o s e d .
d) I f  t h e  c h a r a c t e r i s t i c  o f  F i s  p /  0 ,  t h e n  T i s  an  
e x a m p l e  o f  a  r i n g  o f  c h a r a c t e r i s t i c  p /  0 w h i c h  
i s  n o t  D - s i m p l e ,  e v e n  t h o u g h  i t  h a s  no  p r i m e  
D - i d e a l  B s u c h  t h a t  (0 )  < B < T.
e) L e t  F b e  o f  a r b i t r a r y  c h a r a c t e r i s t i c  p ^  0,  and
l e t  A b e  a  m a x im a l  p r o p e r  D - i d e a l ;  t h e n ,  'T/A i s
a n  e x a m p l e  o f  a  r i n g  o f  c h a r a c t e r i s t i c  p -/  0 w h ich
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i s  n o t  a  f i e l d  an d  w h i c h  i s  d i f f e r e n t i a b l y  s i m p l e  
f o r  a  c e r t a i n  d e r i v a t i o n  D ' .
P r o o f : a )  S i n c e  (Xp , Xp , . . . , X^, . . . ;  Y, ir} i s  a  s e t  o f
i n d e t e r m i n a t e s  o v e r  F,  d e f i n e d  a s  i t  i s ,  D c a n  b e  u n i q u e l y  
e x t e n t e d  t o  a  d e r i v a t i o n  on  K ( Y , t t ) .  ( S e e  [ 1 4 ,  C o r .  1,  1 2 4 ] )  
L e t  show t h a t  D(T) c  T .  S i n c e  T = Rp , b y  Lemma 2 . 6  i t  i s  
e n o u g h  t o  show t h a t  D(R) c  T. R = K[ Y, ir, t p , . . . ,  t  , . . . ] = 
F (X n , . . . ,  X , . . . )  [ Y, ti-, t - , , . . . ,  t  , . . . ] ,  a n d  we a l r e a d y  h a v e
J_ T s .  j -
t h a t  D(K) c  p  c  t , D(Y) = 1 e T, D(ir) e R <= t , h e n c e  i t
r e m a i n s  o n l y  t o  show t h a t .  D ( t  ) e T f o r  e v e r y  r  > 1 .
r-i-1 r
C l a i m  13: 2 t t .  D ( t t „ )  e Y2 “ 2T i f  a n d  o n l y  i f  B ( t J  e T.
r  r  r +12 2 - 2P r o o f : By C l a i m  4 we h a v e  ir  ̂ - Y t ^  , h e n c e
qT+ 1 p  p  p r + l  ,
D ( t r ) = [ 277r D(irr ) /Y ' -  ] ~ [ ( 2  - 2 )  7r2/ Y  X] .  But  s i n c e
r + i
t = Y2 ~^^r } an<  ̂ ^  c  ^  ^ y  C l a i m  1,  we g e t  t h a t
F 4-1
•m2 e Y2 - 1T, an d  D ( t r ) e T i f  a n d  o n l y  i f
T~ f-1
[2 tt  D(m ) / Y 2 ~2 ] e T.
? r + l _
C l a i m  V-\ : D(ir ) e Y '  'T f o r  e v e r y  r  > 1 .
P r o o f : We s h a l l  make a  d o u b l e  i n d u c t i o n :
-  F o r  r  -  1:  tt-, . =■ T r-b . .  XnY, h e n c e
k 1+1
D(7r1 ) = D (7r ) - b 1X1D ( Y ) - D ( b 1X1 )Y = ( 2k ~ l ) b k Xk Y2 "2 e Y2 “ 2T 
w h e r e  k i s  t h e  f i r s t  i . n t e g e r  > 2 s u c h  t h a t  b^  i s  /  0 .
-  F o r  1 < r  < k :  S u p p o s e  a s  h y p o t h e s i s  o f  i n d u c t i o n  t h a t
k „ „ 2k - 2
D+ r - l )  = ( 2
. I f  r  < k ,  t h e n  b = 0  a n d  ir ir , - b  X Y 3 r  r  r - 1  r  r




. I f  r  = k ,  t h e n  m = tr , - b  X Y2 - 1  = j r  r - 1  r  r
' r - r W 2 ' 1 '  h e n c e  k
D(irr ) = D ^ p - b ^ ^ - W Y 2 - 2D ( Y ) - D ( b k Xk )Y2 - 1 -
k4-m pk-hm p pk+1  p p!T+l_p
(2  - l ) b ,  X, Y ~ e Y T -  Y T, w h e r e  k+m i sv '  k+m k+m
t h e .  f i r s t  i n t e g e r  > k  s u c h  t h a t  t>k+m i s  /  0 .
-  Now, l e t  b N h e  a  n o n  z e r o  c o e f f i c i e n t ,  a n d  N+m t h e
f i r s t  i n t e g e r  > N s u c h  t h a t  t>N+m i s  /  0 ;  s u p p o s e  a s
h y p o t h e s i s  o f  i n d u c t i o n  t h a t  f o r  e v e r y  i  < N,
p i + i  p N+m pN+m p
D (7ri ) e Y " T, an d  t h a t  D(ttn ) = ( 2  - 1 ) bN+mx N+mY "
. I f  N < r  < N+m, t h e n  t t =  7Tn  and
tvt , 0N+m 0 0 r + l  „
D + r ) = I + r N) -  ( 2 N+m- D V mXN+mY2 " 2 c Y2 ' 2T.
. I f  r  -  N-l-ni, t h e n  u  = ,r =
2N+m_ i
^N +m -l"  b N+mXN+mY * h e n c e  ^  ^
N O  = D ( T W l , ) - b n  X _ m( 2 I,+m- l ) Y 2 ' 2D ( Y ) -
pN+m ,
D( V m XN+m)Y " •
_ , N+m+t n h  x y 2  - 2  v  T w h e r e
- ( 2 “ ' N+m+1 N+in+t e Y  T,
N+m+t i s  t h e  f i r s t  i n t e g e r  > N+m s u c h  t h a t  i s  /  0 .
H e n c e ,  we h a v e  o b t a i n e d  t h a t  f o r  e v e r y  r  > 1,  
p r + l  o 
D(7rr ) e Y T .
Now, b y  C l a i m  13 and  C l a i m  14,  we g e t  t h a t  D ( t  ) e T
f o r  e v e r y  r  > 1 ,  and  h e n c e  t h a t  D(H) c1 T .  H en ce  D i s
r e g u l a r  on T .
b )  The o n l y  p r i m e  i d e a l  o f  T i s  n o t  (0 )  o r  T i s
PT = (Y j i r )T ,  an d  i t  i s  o b v i o u s l y  n o t  a  D - i d e a l  s i n c e  D(Y) = ]
c )  I f  F i s  t h e  f i e l d  o f  . r a t i o n a l  n u m b e r s ,  t h e n ,  b y  
P r o p .  1 . 9  T i s  D - s i m p l e  s i n c e  t h e r e  i s  no  p r i m e  D - i d e a l  B
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s u c h  t h a t  ( 0 )  < B < T.
d) I f  F i s  o f  c h a r a c t e r i s t i c  p /  0 ,  t h e n  T i s  a  
d o m a in ,  h u t  n o t  a  f i e l d ,  o f  c h a r a c t e r i s t i c  p f- 0 ,  h e n c e  T i s  
n o t  a  D - s i m p l e  r i n g  b y  P r o p .  1 .5*  e v e n  t h o u g h  b y  c )  t h e r e
i s  no  p r i m e  D - i d e a l  B s u c h  t h a t  0 < B < T.
e )  L e t  F b e  o f  c h a r a c t e r i s t i c  p /  0 and  A a  m ax im a l  
p r o p e r  D - i d e a l ,  S i n c e  t h e  u n i q u e  m a x im a l  i d e a l  o f  T i s  
(Y,tt)T an d  i s  n o t  a  D - i d e a l ,  we h a v e  A < (Y, 7/ )T, a n d  T/'A i s  
n o t  a  f i e l d .  Now, b y  P r o p .  1 .7 *  T/A i s  d i f f e r e n t i a b l y  
s i m p l e  f o r  t h e  d e r i v a t i o n  D' d e f i n e d  b y  D ' ( x )  = D(37J.
CHAPTER I I I
ON THE COMPLETE INTEGRAL CLOSURE OF A .0 -SIMPLE RING
I n  t h i s  c h a p t e r ,  a l l  r i n g s  w i l l  h e  s u p p o s e d  t o  h a v e  
c h a r a c t e r i s t i c  0 ; t h e  l e m m a ta  3 . 1  an d  3*3  w o u ld  s t i l l  h e  
t r u e  i n  t h e  c a s e  o f  r i n g s  h a v i n g  c h a r a c t e r i s t i c  p /  0 , hu'  
n o t  t h e  o t h e r  r e s u l t s .
I f  R i s  a  r i n g ,  D a  d e r i v a t i o n  o f  R, a n d  x an  e l e m e n t  
o f  R, we s h a l l  s e t  D ^ ° ^ ( x )  = x .
Lemma 3 . 1 . L e t  R h e  a  r i n g ,  D a  d e r i v a t i o n  o f  R, k  a  
p o s i t i v e  i n t e g e r .  Then ,
P r o o f :  The p r o p o s i t i o n  i s  o b v i o u s l y  t r u e  f o r  k = 1 ;  s u p p o s e
L emma 3 . 2 . L e t  R h e  a  ^ - s i m p l e  r i n g ,  P a  m i n i m a l  p r i m e  o f  
R.  T h en ,  t h e r e  e x i s t s  D e £  s u c h  t h a t  Rp i s  D ~ s i m p l e .
P  DP ) ( x )  D( k - P ( y ) .
i t  i s  t r u e  f o r  k  = n ,  i . ^ L




P r o o f : S i n c e  R i s  ^ - s i m p l e  and. h a s  c h a r a c t e r i s t i c  0 ,  R
c o n t a i n s  t h e  r a t i o n a l  n u m b e r s  b y  P r o p .  1 .5*  an d  f u r t h e r m o r e  
t h e r e  e x i s t s  D e Jfr s u c h  t h a t  t h a t  D(P) $  P .  T h en ,  Rp 
c o n t a i n s  t h e  r a t i o n a l  n u m b e r s  an d  d o e s  n o t  h a v e  a n y  p r i m e  
D - i d e a l  o t h e r  t h a n  ( 0 )  and  (1 )*  t h u s ,  b y  P r o p .  1 . 8 ,  Rp i s  
D - s i m p l e .
Lemma 3 • 3 • L e t  R b e  a  D - s i m p l e  r i n g ,  A an i d e a l  o f  R. Then ,  
f o r  e v e r y  x  e R, x 0,  t h e r e  e x i s t s  an  i n t e g e r  n > 0 s u c h  
t h a t  D ^ ^ x )  e A f o r  i  = 0 , 1 ,  . . . , n - l  an d  (x )  (/ A.
Pr o o f : I f  i t  w e r e  n o t  s o /  i . e .  i f  t h e r e  w e r e  x e R, x  /  0 ,
/'n')
s u c h  t h a t  D' ' ( x )  e A f o r  e v e r y  n 0 ,  t h e n  t h e  i d e a l
( n]g e n e r a t e d  b y  t h e  e l e m e n t s  x , D ( x ) , . . , , D '  ' ( x ) , . . .  w o u ld  b e  
a  p r o p e r  D - i d e a l ,  n o t  e q u a l  t o  (0 )  . s i n c e  i t  c o n t a i n s  x /  0 .
T h e o re m  3 ■ • L e t  R b e  a  d o m a in ,  D a  d e r i v a t i o n  o f  R, P a
p r i m e  i d e a l  o f  R s u c h  t h a t  Rp i s  D - s i m p l e .  D e f i n e
v  : R \{ 0 }  c  R p \ ( o ]  {non n e g a t i v e  i n t e g e r s ]  b y  v ( x )  = n
i f  D ^ ^ ( x )  e P f o r  i  = 0 ,  . . . , n - l  and  D^n ^ ( x )  /  P .  T h en ,  v
i s  a  rank. 1 d i s c r e t e  v a l u a t i o n ,  a n d  i f .  we. c a l l  Rv t h e
a s s o c i a t e d  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g ,  and  Mv i t s  m a x im a l
ideal, we have R r  and M H R = p.v v
P r o o f : L e t  x an d  y  b e  a n y  two n o n  z e r o  e l e m e n t s  o f  R, and
s e t  v ( x )  = n ,  v ( y )  -  m. H e n c e ,  b y  d e f i n i t i o n  i t s e l f ,  we 
h a v e  D (■*''' ( x )  e P f o r  i  = 0 , . . . , n - l  , D^n  ̂ (x )  /  P and  
D ( J' ) ( y )  e p f o r  j  -  0 ,  . . . , m - l  , D^m^ ( y )  /  P .
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C l a i m  1 : v ( x + y )  > i n f  ( v ( x ) ,  v ( y ) } .
P r o o f : S u p p o s e  n  < m; t h e n ,  f o r  e v e r y  i. s u c h  t h a t
0 < i  < n - 1 ,  we h a v e  D ^ ^ ( x + y )  = ( x )  + D ^ ^ ( y )  e P s i n c e
b o t h  D ^ ^ ( x )  an d  D ^ ^ ( y )  b e l o n g  t o  P .  Hence. , b y  t h e  
d e f i n i t i o n  o f  v,  we g e t  .v(x+y) > n = i n f  ( v ( x ) ,  v ( y ) } .
C l a i m  2: F o r  e v e r y  k s u c h  t h a t  0 < k < n+m-1 ,  we h a v e
(x y )  e P .
P r o o f : ( x y )  = P ^ ^ qC ^ D ^   ̂ ( x )   ̂ ( y) b y  Lemma 3 - 1 -
F o r  0 < i  < i n f  [ k ,  n - 1 ] ,  we h a v e  D^‘"L̂ ( x )  e P, h e n c e  a l s o  
C ^ D ^ ( x ) D ^ k _ i ^ ( x )  e P .  F o r  n  < k  an d  n  < i  < k ,  we h a v e
0 < k - i  < k - n  < ( n + m - l ) - n  = m -1 ,  h e n c e  D^k  ^ ( y )  £ P and  
a l s o  C ^ D ^ ^  ( x ) D ^ k _ '̂* (y )  e P .  H e n c e ,  we g e t  t h a t  f o r  e v e r y
1 s u c h  t h a t  0 < i  < k ,  C^ D ^ ^ ( x ) D ^ k  ^ ( y )  e P> and  
t h e r e f o r e  t h a t  D(k > ( x y )  e P .
Claim 3 : F nHfl^(Xy) /  P-
P r o o f : We c a n  w r i t e
(̂n+m) / s __ p (xy) + Cn (x)D în''(y) +g (xy) where
' J J n+m' J J n+m ' ' ' &n+m' a '
f  , ( x y )  = 0 i f  n  = 0 ,n+mv J ' 3
W x y ) = xD<n+m) ( y ) + c J +mD(X)D(n+I"-1 ) ( y ) + . . . +
. . . + C ^  D( n _ 1 ) ( x ) D ( m+1) ( y )  i f  n > 0 ,
g , ( x y )  = 0 i f  m -  0 . and&n + m \  J ' 3
S i (xy) = Cnt 1D(n+1) ( x )D(m- 1 h y )  + Cn+:V n+2> (x) D( m- 2 > (y) -!n+m' ' n+m ' ' VJ' n+m ' ' w /
. . .  + D^n+m^ ( x ) y  i f  m > 0 .
I n  a n y  c a s e ,  b o t h  f n+m( x y) an d  gn+m( x y) b e l o n g  t o  P f o r  
D ^ ) ( x )  e P f o r  e v e r y  0 < j  < n - 1  a n d  ( y )  e P f o r  e v e r y
0 < q < m -1 .  On t h e  o t h e r  h a n d ,  by  d e f i n i t i o n ,  D^n ^ ( x )  arid 
(y) c*° n ° t  b e l o n g  t o  P,  h e n c e ,  s i n c e  P i s  a  p r i m e  i d e a l
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we h a v e  ( x ) D ^ m) ( y )  ^  P, a n d  a l s o  C^+mD^n ) ( x ) D ^ m) ( y )  /  P
b e c a u s e ,  b e e i n g  a  D - s i m p l e  r i n g  o f  c h a r a c t e r i s t i c  0 ,  Rp
c o n t a i n s  t h e  r a t i o n a l  n u m b e r s  b y  P r o p .  1 . 5 j ^  a s  a  u n i ^
i n  R„, and  Cn , d  P e i t h e r .  Then ,  we g e t  t h a t  P1 n+m r ’
D( n + m ) / \ _ p (x y )  + Cn ( x ) ( y )  + g (x y )  ^  P .
'  n+m' ' n+m ' ' '  1 bn+m' J ' r
Now, t h e  C l a i m s  2 an d  3 t o g e t h e r  g i v e  u s  t h a t
v ( x y )  = n+m = v ( x )  + v ( y ) ,  w h i c h ,  t o g e t h e r  w i t h  C la im  1 g i v e s
u s  t h e  f a c t  t h a t  v  i s  a  v a l u a t i o n ,  d i s c r e t e  r a n k  1 s i n c e
i t s  v a l u e  g r o u p  i s  t h e  g r o u p  o f  i n t e g e r s .
Now, b y  t h e  d e f i n i t i o n  o f  v ,  we o b v i o u s l y  h a v e  R c: R^
a n d  P = M .v
D e f i n i t i o n : L e t  R b e  a  dom a in  o f  q u o t i e n t  f i e l d  K, P a
p r i m e  i d e a l  o f  R, D a  d e r i v a t i o n  o f  R s u c h  t h a t  Rp i s  D- 
s i r n p l e .  When we w r i t e  t h a t  v i s  t h e  a s s o c i a t e d  v a l u a t i o n  
o f  P,  we s h a l l  mean t h a t  v  i s  t h e  v a l u a t i o n  d e f i n e d  a s  i n  
T h e o re m  3 - 9 ;  when we w r i t e  t h a t  R i s  t h e  a s s o c i a t e d  
v a l u a t i o n  r i n g  o f  P,  we s h a l l  mean t h a t  Rv = [xeK /  v ( x )  > 0}
T h e o re m  3 • 5 • L e t  R b e  a  dom a in  w i t h  q u o t i e n t  f i e l d  K, D a
d e r i v a t i o n  o f  R, P a  p r i m e  i d e a l  o f  R s u c h  t h a t  Rp i s  D- 
s i m p l e ,  and  v  t h e  a s s o c i a t e d  v a l u a t i o n  o f  P .  L e t  S b e  a  
r i n g  s u c h  t h a t  R c  S c  K a n d  s u c h  t h a t  D i s  r e g u l a r  on S.
L e t  Q b e  a  p r i m e  i d e a l  o f  S s u c h  t h a t  QH R ~ p .  Then ,
1) Sn i s  D - s i m p l e .
2) I f  w i s  t h e  a s s o c i a t e d  v a l u a t i o n  o f  Q, t h e n
we h a v e  v = w.
3) T h e r e  i s  a t  m o s t  one  p r i m e  i d e a l  Q o f  S s u c h
4 o
t h a t  QO R = P.
P r o o f :  1) B e e i n g  r e g u l a r  on  S,  D i s  a l s o  r e g u l a r  on Sn
b y  P r o p .  1 . 1 5 ;  f u r t h e r m o r e ,  s i n c e  QO R = p ,  we h a v e  Sq 3  Rp ,
a n d  s i n c e  Rp i s  D - s i m p l e ,  w i l l  a l s o  h e  D - s i m p l e  b y
P r o p . 1 . 1 9 .
2) S i n c e  Sq i s  D - s i m p l e ,  we can  a s s o c i a t e  a  
v a r u a t i o n  w t o  Q.. F o r  x e R, we h a v e  b y  d e f i n i t i o n  w (x )  = n 
i f  a n d  o n l y  i f  x ,  D ( x ) , . . . ,  D^n _ 1  ̂ (x )  e Q a n d  D^n ^ ( x )  /  Q,; b u t  
s i n c e  D i s  a l s o  a  d e r i v a t i o n  o f  R, a n d  s i n c e  QO R = P,  we 
h a v e  f o r  a n  e l e m e n t  y  e R, D(y)  e Q i f  a n d  o n l y  i f  D(y)  e P; 
t h e n ,  we g e t  t h a t  w (x)  = n i f  an d  o n l y  i f  v ( x )  = n f o r  an  
e l e m e n t  x  e R, i . e .  t h a t  w = v  on R; t h e n ,  we a l s o  h a v e
w -  v  on K.
3) L e t  Qp a n d  Qp b e  two p r i m e  i d e a l s  o f  S s u c h  t h a t  
Q-J ri R = Q2 n R -  P ; l e t  v,  wp , w2 t h e  v a l u a t i o n s  a s s o c i a t e d  
t o  P,  Q , , Q0 r e s p e c t i v e l y .  By 2) we h a v e  w, = w„ = v ,  h e n c e_L -L cL
f o r  t h e  a s s o c i a t e d  v a l u a t i o n  r i n g s  we h a v e  R = R = R ,wp Wrg v
a n d  Q-, = M H S = w h e r e  M i s  t h e  m a x im a l  i d e a l  o f  R .1 v 2 v v
P r o p o s i t i o n  3-£n L e t  R b e  a  d o m a in  w i t h  q u o t i e n t  f i e l d .  K,
D a  d e r i v a t i o n  o f  R, P a  p r i m e  i d e a l  o f  R s u c h  t h a t  Rp i s  
D ~ s i m p l e ,  a n d  R^ t h e  v a l u a t i o n  r i n g  a s s o c i a t e d  t o  P .  L e t  S 
b e  a  r i n g  s u c h  t h a t  R <■“ s c  k  an d  s u c h  t h a t  D i s  r e g u l a r  
on S .  T h e n ,  S c  R i f  and  o n l y  i f  t h e r e  e x i s t s  a  p r i m e  i d e a l  
Q o f  S s u c h  t h a t  Q 0 R -  p .
P r o o f : I f  S c  R , t a k e  Q =-• M O S w h e r e  My i s  t h e  m a x im a l
4l
i d e a l  o f  Rv ; Q. i s  c e r t a i n l y  a  p r i m e  i d e a l  o f  S., an d  we h a v e  
QH R = ( m H S) n R = R = p .  C o n v e r s e l y ,  i f  t h e r  e x i s t s
s u c h  a  p r i m e  Q i n  S,  t h e n  b y  T h e o re m  3*5 we c a n  a s s o c i a t e  a
v a l u a t i o n  w t o  Q w h ic h  i s  n o t h i n g  e l s e  t h a n  v,  so  t h a t  we
g e t  b y  T h eo rem  3 . ^  t h a t  S c  S =■ R^r .
W  V
C o r o l l a r y  3 . 7•  L e t  R b e  a  ^ - s i m p l e  r i n g  w i t h  q u o t i e n t  f i e l d
K, P a n y  m i n i m a l  p r i m e  i d e a l  o f  R, M a n y  p r i m e  ' i d e a l  o f  R. 
L e t  S b e  a  r i n g  s u c h  t h a t  R c  s  ^  K, a n d  s u c h  t h a t  e v e r y  
D e 3  c a n  b e  e x t e n d e d  t o  S .  T h en ,
1)  T h e r e  e x i s t s  a t  m o s t  one  p r i m e  i d e a l  Q, o f  S s u c h  
t h a t  Q O r  = P .
2) When t h e r e  i s  s u c h  a  Q, Q i s  a  m i n i m a l  p r i m e  
i d e a l  o f  S .
3) I f  i s  r e d u c e d  t o  o n e  d e r i v a t i o n  D, t h e n  t h e r e  
e x i s t s  a t  m o s t  o n e  p r i m e  i d e a l  N o f  S s u c h  t h a t  
N O R  = m .
Pr o o f : 1) By Lemma 3 - 2 ,  t h e r e  e x i s t s  D e £■ s u c h  t h a t  Rp i s
D - s i m p l e .  T h e n ,  s i n c e  D i s  s u p p o s e d  t o  b e  r e g u l a r  on S, 
t h e r e  i s  a t  m o s t  o n e  p r i m e  i d e a l  Q o f  S s u c h  t h a t  QC R -  P 
b y  T h e o re m  3*5*
2) L e t  Q b e  a  p r i m e  i d e a l  o f  S' s u c h  t h a t  Q O R  p ,
a n d  s u p p o s e  t h a t  Q 1 i s  a  p r i m e  i d e a l  o f  S s u c h  t h a t
( 0 )  < Q 1 c  Q. T h e n  we h a v e  ( 0 )  < Q ' H r c  Q O R  = P, h e n c e
Q 1 H R = P s i n c e  P i s  a  m i n i m a l  p r i m e ,  an d  Q 1 = Q s i n c e  b y  1)
Q i s  t h e  o n l y  p r i m e  i d e a l  o f  S t o  h a v e  t h a t  p r o p e r t y .
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3) I f  -4 i s  r e d u c ed ,  t o  one  e l e m e n t  D, t h e n  R i s  D- 
s i m p l e ,  a n d  R j i s  D - s i m p l e  f o r  a n y  p r i m e  i d e a l  M b y  P r o p .  
1 . 1 5  and  1 . 1 9 ;  t h e n ,  we c a n  a p p l y  T h e o re m  3 - 5  f ° r  e v e r y  
p r i m e  i d e a l  o f  R?
C o r o l l a r y  3 - 8 . L e t  R b e  a  D - s i m p l e  r i n g  ( i . e .  t h a t  we h a v e  
a  f a m i l y  o f  d e r i v a t i o n s  & w h i c h  i s  r e d u c e d  t o  o n e  e l e m e n t  D, 
f o r  w h i c h  R i s  d i f f e r e n t i a b l y  s i m p l e ) . L e t  S b e  an  o v e r r i n g  
o f  R w h i c h  h a s  same q u o t i e n t  f i e l d .  Then,, t h e  d i m e n s i o n  o f  
S i s  < t h e  d i m e n s i o n  o f  R.
P r o o f :  I f  Q-  ̂ < Qg < . . .  < i s  a c h a i n  o f  d i s t i n c t  p r i m e
i d e a l s  i n  S, t h e n ,  b y  t h e  p r e v i o u s  c o r o l l a r y ,
Q-j 9 R < Qp 0 R < . . .  < Q^O R i s  a  c h a i n  o f  d i s t i n c t  p r i m e  
i d e a l s  i n  R.
C o r o l l a r y  3 - 9 - L e t  R b e  a  - 4 - s i m p l e  r i n g .  R '  I t s  c o m p l e t e
i n t e g r a l  c l o s u r e ,  P a n y  m i n i m a l  p r i m e  i d e a l  o f  R, M any  
p r i m e  i d e a l  o f  R. T h e n ,
1) T h e r e  e x i s t s  a  u n i q u e  p r i m e  i d e a l  Q o f  R 1 s u c h  
t h a t  QH R ~ P, a n d  Q I s  a  m i n i m a l  p r i m e  i d e a l .
2) I f  3  i s  r e d u c e d  t o  one  e l e m e n t  D, t h e r e  e x i s t s
a  u n i q u e  p r i m e  i d e a l  N o f  R 1 s u c h  t h a t  N C R  = M.
P r o o f : 1) By Lemma 3 . 2 ,  t h e r e  e x i s t s  D e -4 s u c h  t h a t  Rp I s
D - s i m p l e ;  l e t  v  b e  t h e  v a l u a t i o n  a s s o c i a t e d  t o  ,F a n d  D a s  i n  
T h e o re m  3 . 4 ,  R t h e  a s s o c i a t e d  v a l u a t i o n  r i n g ,  and  M i t s
V “
m a x im a l  i d e a l .  B e e i n g  a  r a n k  1 v a l u a t i o n  r i n g ,  R i s
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c o m p l e t e l y  i n t e g r a l l y  c l o s e d ,  and  s i n c e  i t  c o n t a i n s  R, i t
w i l l  a l s o  . c o n t a i n  R ' .  Then ,  t a k e  Q = M^n R 1; i t  i s  a  p r i m e
i d e a l  o f  R '  s u c h  t h a t  Q C r  = p .  Now, b y  P r o p .  1 .1 7 *  e v e r y
I) e 3  c a n  b e  e x t e n d e d  t o  R 1, h e n c e ,  b y  C o r .  3*7* Q i s  u n i q u e
and  i s  a  m i n i m a l  p r i m e .
2) I f  i s  r e d u c e d  t o  o n e  e l e m e n t  D, t h e n  R i s  D-
s i m p l e ,  and  R ^  i s  a l s o  D - s i m p l e  b y  P r o p .  1 . 1 5  1 . 1 9 -
Then ,  i f  w i s  t h e  a s s o c i a t e d  v a l u a t i o n ,  R t h e  a s s o c i a t e d  J 3 w
v a l u a t i o n  r i n g ,  and  M i t s  m a x im a l  I d e a l ,  we h a v e  R 1 <= Rw 3 w
s i n c e  R^r i s  a  r a n k  1 v a l u a t i o n  r i n g  c o n t a i n i n g  R, so  t h a t
i f  we t a k e  N = M H R ' ,  N i»s a  p r i m e  i d e a l  o f  R '  s u c h  t h a tw
N n R = M. A g a i n  b y  P r o p .  1 . 1 7  an d  C o r .  3 - 7 j N i s  u n i q u e .
C o r o l l a r y  3 - i O . L e t  R b e  a  q u a s i  l o c a l ,  1 - d i m e n s i o n a l ,  f t -  
s i r n p l e  r i n g  w i t h  q u o t i e n t  f i e l d  K. ' L e t  S b e  a  r i n g  s u c h  
t h a t  R c  S < K a n d  s u c h  t h a t  S i s  ^ - s i m p l e .  Then ,  S i s
a  q u a s i  l o c a l ,  1 - d i m e n s i o n a l  r i n g .
P r o o f : L e t  P b e  t h e  o n l y  n o n  z e r o  p r o p e r  p r i m e  i d e a l  o f  R.
T h en ,  i f  Q i s  a n y  n o n  z e r o  p r o p e r  p r i m e  i d e a l  o f  S, Q, h a s  
t o  l i e  o v e r  P, an d  b y  P r o p .  3-5* Q i s  u n i q u e .
C o r o l l a r y  3 - H . L e t  R b e  a  q u a s i  l o c a l ,  1 - d i m e n s i o n a l ,  f i -  
s i m p l e  r i n g .  T h en ,  t h e  c o m p l e t e  i n t e g r a l  c l o s u r e  R '  i s  a l s o  
a  q u a s i  l o c a l ,  1 - d i m e n s i o n a l ,  ^ - s i m p l e  r i n g .
P r o o f : S i n c e  R i s  ^ - s i m p l e ,  R 1 i s  a l s o  ^ - s i m p l e  b y  P r o p .
1 . 2 0 ,  a n d  t h e n  we c a n  a p p l y  C o r .  3 - b 0  w i t h  S = R ' .
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C o r o l l a r y  3 - 1 2 . L e t  R b e  a  l o c a l . ,  1 - d i m e n s i o n a l ,  s i m p l e  
r i n g .  T h en ,  t h e  i n t e g r a l  c l o s u r e  R i s  a  r a n k  1 d i s c r e t e  
v a l u a t i o n  r i n g ,  . 4 - s i m p l e .
P r o o f : By C o r .  3 4 1 ,  R i s  a  q u a s i  l o c a l ,  1 - d i m e n s i o n a l ,  B-
s i m p l e  r i n g ;  now, s i n c e  R i s  N o e t h e r i a n ,  1 - d i m e n s i o n a l ,
R i s  a l s o  N o e t h e r i a n ,  1 - d i m e n s i o n a l  b y  [ 2 ,  T h e o re m  3 j> 2 9 ] ;  
t h e n ,  b y  [ 1 5 ,  p .  42 ]  R i s  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g .
P r o p o s i t i o n  3 - 1 3 . L e t  R be  a  d o m a in  w i t h  q u o t i e n t  f i e l d  K,
D a  d e r i v a t i o n  on R, S a  r i n g  s u c h  t h a t  R c  s  c  k , S i s
i n t e g r a l  o v e r  R a n d  D i s  r e g u l a r  on S .  L e t  P^ c  P ^  b e
two p r i m e  i d e a l s  o f  R, a n d  s u p p o s e  t h a t  Rp i s  D - s i m p l e
2
( t h e n  Rp i s  c e r t a i n l y  D - s i m p l e  a l s o ) .  L e t  an d  b e  
t h e  p r i m e  i d e a l s  o f  S l y i n g  o v e r  P^  an d  P^ r e s p e c t i v e l y  
(Q-p a n d  Q2 a r e  u n i q u e  b y  T h e o re m  3 - 5 )  • T h e n ,  Q,p c  Q^-
P r o o f : L e t  b e  t h e  p r i m e  i d e a l  o f  S s u c h  t h a t  Q,n H R ^ p^
b y  C o h e n - S e i d e n b e r g 1s l y i n g  o v e r  t h e o r e m ,  t h e r e  e x i s t s  a 
p r i m e  i d e a l  M o f  S s u c h  t h a t  M a n d  MO R -  P2 ; b u t  by
T h e o re m  3-5., Qo is t h e  o n l y  p r i m e  i d e a l  o f  S h a v i n g  t h a t  
p r o p e r t y ;  h e n c e ,  M = Q2 a n d  Q2 Q,p.
The  r e m a i n i n g  p a r t  o f  t h i s  c h a p t e r '  w i l l  d e a l  w i t h  
N o e t h e r i a n  r i n g s .
R e c a l l : I f  a  N o e t h e r i a n  r i n g  R i s  .4--s i m p l e ,  t h e n  i t s
i n t e g r a l  c l o s u r e  R i s  a l s o  . 0 - s i m p l e  b y  P r o p .  1 . 2 0  s i n c e  i n  
t h i s  c a s e  R i s  e q u a l  t o  t h e  c o m p l e t e  i n t e g r a l  c l o s u r e  R ' .
4-5
P r o p o s i t i o n  3 - 1 ^ - L e t  R b e  a  N o e t h e r i a n  ^ - s i m p l e  r i n g ,  R 
i t s  i n t e g r a l  c l o s u r e ,  P a n y  m i n i m a l  p r i m e  i d e a l  o f  R, M a n y  
p r i m e  i d e a l  o f  R. T h en ,
1) T h e r e  e x i s t s  a  u n i q u e  P r i m e  i d e a l  P o f  R l y i n g  
o v e r  P,  an d  P i s  a  m i n i m a l  p r i m e  i d e a l .
2) I f  i s  r e d u c e d  t o  one  e l e m e n t  D, t h e r e  e x i s t s  
a  u n i q u e  p r i m e  i d e a l  M o f  R l y i n g  o v e r  M.
P r o o f : T h i s  I s  n o t h i n g  e l s e  t h a n  a  r e s t a t e m e n t  o f  t h e  C o r .
3 . 9  f o r  R N o e t h e r i a n .
Lemma 3 - 1 5 - L e t  R b e  a  N o e t h e r i a n  d o m a in  c o n t a i n i n g  t h e  
r a t i o n a l  n u m b e r s ,  R i t s  i n t e g r a l  c l o s u r e .  P a  m i n i m a l  p r i m e  
i d e a l  o f  R.  L e t  Dp an d  Dp b e  two d e r i v a t i o n s  o f  R s u c h  t h a t  
Lj_(P) $  P a n d  D2 (P )  9̂  P- By P r o p .  1 . 1 0 ,  Rp i s  D p - s i m p l e  a s  
w e l l  a s  D p - s i m p l e ,  a n d  t h e n  b y  T eo rem  3-^u we c a n  a s s o c i a t e  
t o  P two r a n k  1 d i s c r e t e  v a l u a t i o n s  Vp a n d  Vp. Then ,
Vp = Vp, a n d  D p(x)  e P i f  a n d  o n l y  i f  D p(x )  e P.
P r o o f : L e t  Rp a n d  Rp b e  t h e  v a l u a t i o n  r i n g s  a s s o c i a t e d  t o
Vp an d  Vp r e s p e c t i v e l y .  F o r  i  = 1 , 2 ,  we. h a v e  R Rp, h e n c e  
R <= r _̂ s i n c e  Rp i s  i n t e g r a l l y  c l o s e d .  L e t  P b e  t h e  o n l y  
p r i m e  i d e a l  o f  R l y i n g  o v e r  P ( b y  P r o p .  3 - l ^ ) j  Lp i s  r e g u l a r
on R, h e n c e  a l s o  on Rp b y  P r o p .  1 . 1 5 ;  Rp L a s  a  p r i m e  i d e a l
PRp l y i n g  o v e r  P i n  R, h e n c e ,  b y  P r o p .  3-6* Rp c- R^ • B u t
R b e e l n g  N o e t h e r i a n ,  R i s  a  K r u l l  r i n g  b y  [ 7 ,  ( 3 3 - 1 0 ) ,  1 1 8 ] ,
a n d  Rp I s  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g ,  so  t h a t  we g e t  
Rp = Rp, a n d  Vp = V p . Nov;, s i n c e  f o r  x  e R we h a v e
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v  (x )  = n  if an d  only if d ( ^ ( x ) ,  . . . , D | n  " ^ ( x )  6 P and  
D | n  ̂(x) /  P ,  we get D-^(x) e P if a n d  only if D g(x)  e P .
P r o p o s i t i o n  3 - 1 6 .  L e t  R b e  a  N o e t h e r i a n ,  £  = (Dq }q s i m p l e----------------------------------------- p p e l s
r i n g .  L e t  P b e  a  m i n i m a l  p r i m e  i d e a l  o f  R an d  D e ft s u c h  
t h a t  D(P) $  P,  a n d  v  t h e  v a l u a t i o n  a s s o c i a t e d  t o  P a s  i n  
Th eo rem  3 . 4 .  F o r  e v e r y  x e R, a n d  e v e r y  3 e B, d e f i n e  
Wp(x) = n  i f  ( x ) , . . . ,  ( x )  e P and  D^n ) ( x )  /  P,
an d  Wp(x) -  oo i f  ( x )  e P f o r  e v e r y  k  > 0 .  D e f i n e
w (x)  -• i n f  Cwp ( x ) }  . T h e n ,  w i s  a  r a n k  1 d i s c r e t e  v a l u a t i o n
e q u a l  t o  v .
P r o o f : F o r  a n y  3 e B, we h a v e  e i t h e r  D^(P)  ^  Pi
Dp(P') c  P .  I f  L ^ (P )  Pi t h e n  b y  Lemma 3.1p.> we h a v e
Wg(x) = v ( x ) .  I f  Dp(P)  c  Pj t h e n  we h a v e  Wg(x) ~ co i f
x  e P,  and  Wg(x) = 0 -  v ( x )  i f '  x /  P .  I n  a n y  c a s e ,  we h a v e
w(x)  =■ i n f  (wH( x ) ] = v ( x ) ,  an d  w i s  a  r a n k  1 d i s c r e t e
3 p
v a l u a t i o n .
De f i n i t i o n : L e t  R b e  a  N o e t h e r i a n . ,  s i m p l e  r i n g  w i t h
q u o t i e n t  f i e l d  K, P a  m i n i m a l  p r i m e  i d e a l  o f  R. When we
w r i t e  t h a t  w i s  t h e  a s s o c i a t e d  v a l u a t i o n  o f  P, we s h a l l  
mean t h a t  w i s  t h e  v a l u a t i o n  d e f i n e d  a s  i n  P r o p .  3 . 1 6 ;  when 
we w r i t e  t h a t  R i s  t h e  a s s o c i a t e d  v a l u a t i o n  r i n g ,  we mean
Vi
t h a t  R -  fxeK /  w(x)  > 0 } .
Lemma 3 . 1 7 .  L e t  R b e  a  N o e t h e r i a n ,  - ^ - s i m p l e  r i n g ,  R i t s
i n t e g r a l  c l o s u r e .  L e t  (P„ » be  t h e  s e t  o f  m i n i m a l  p r i m e1 a v a e A
i d e a l s  o f  R, {P } . t h e  s e t  o f  t h e  p r i m e  i d e a l s  o f  R s u c h
CC 0C £  A
that P HR = P , [R "t:*rie associated valuation rings.
CC CC CC CX £1
T h e n ,  (?,-,}« a i s  t h e  s e t  o f  a l l  t h e  m i n i m a l  p r i m e  i d e a l s  o f
CC CC £
R, a n d  f o r  a n y  a  e A, we h a v e  Rp = R .
a
P r o o f :  T h a t  t h e  P a r e  m i n i m a l  p r i m e  i d e a l s  o f  R i s  g i v e n■---------- a  °
h y  P r o p .  3 . 1 4 .  Now, l e t  Q b e  a  m i n i m a l  p r i m e  i d e a l  o f  R.
S i n c e  R i s  ^ - s i m p l e ,  R i s  ^ - s i m p l e  a l s o ,  an d  t h e r e  e x i s t s
D e Jfr s u c h  t h a t  D(Q) ^  Q- C o n s i d e r  t h e  p r i m e  i d e a l  
p -  Q 0 R o f  R; s u p p o s e  t h a t  P i s  n o t  a  m i n i m a l •p r i m e  i d e a l  
o f  R, an d  l e t  M b e  a  m i n i m a l  p r i m e  i d e a l  s u c h  t h a t ' M  < P.
Rp i s  D - s i m p l e ,  b e c a u s e  i f  C w e re  a  D - i d e a l  o f  R s u c h  t h a t  
(0 )  < C c1 P ,  t h e n  CR w o u l d  b e  a  D - i d e a l  o f  R s u c h  t h a t  
(0 )  < CR c  Q, h e n c e ,  b y  P r o p .  1 . 1 6 ,  Q w o u ld  a l s o  b e  a  D- 
i d e a l  s i n c e  Q i s  a p r i m e  i d e a l  m i n i m a l  f o r  t h e  p r o p e r t y  o f  
c o n t a i n i n g  CR, and  we w o u ld  g e t  a  c o n t r a d i c t i o n  w i t h  t h e  
f a c t  t h a t  D(Q) Q. T h e n ,  b y  P r o p .  3*13j  i f  M i 3 t h e  p r i m e  
i d e a l  o f  R l y i n g  o v e r  M, we h a v e  M c  q ,  a n d  e v e n  M < Q 
s i n c e  t h e y  d o n ' t  l i e  o v e r  t h e  same p r i m e - i d e a l  o f  R, so 
t h a t  we g e t  t h a t  Q i s  n o t  a  m i n i m a l  p r i m e  i d e a l  o f  R, w h ic h  
i s  a b s u r d .  H e n c e ,  we h a v e  o b t a i n e d  t h a t  P = Q t lR  i s  a  
m i n i m a l  p r i m e  i d e a l  o f  R, so t h a t  t h e r e  e x i s t s  a  e A s u c h  
t h a t  P = P„ a n d  Q = P . .  and  C P~ 3 ~ - a t t ie s e t  ° f  ^heCC CC GC CX r \
minimal prime ideals of R. The fact that Rp = Ra has
a
b e e n  shown i n  t h e  p r o o f  o f  Lemma 3 . 1 5 -
T h e o re m  3 - 1 8 . L e t  R b e  a  N o e t h e r i a n ,  ^ - - s i m p l e  r i n g ,  R i t s  
i n t e g r a l  c l o s u r e .  L e t  [Pa }a e ^ 5 e t  ° f  m i n i m a l
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p r i m e  i d e a l s  o f  R, (w }„_» t h e  v a l u a t i o n s  a s s o c i a t e d  t oLI LLfc.
t h o s e  i d e a l s ,  {R^}^ . t h e  a s s o c i a t e d  v a l u a t i o n  r i n g s ,  anda. a, £ i\
^ a J a e A  s e ^ a '"^ " ^ e manam al  p r i m e  i d e a l s  o f  R (Pa
l i e s  o v e r  ) .  T h en ,
vJ l
x > R c a eARpo c  s  " 8 c a \  = a 6 ARa -
2) L e t  x  an d  y  b e  e l e m e n t s  o f  R, y  /  0 ;  t h e n ,  t h e
f o l l o w i n g  a r e  e q u i v a l e n t :
a )  x / y  e R .
b ) wa ^ x ) wct( ’̂ ) f o r  e v e r y  a  c A.
c) F o r  e v e r y  a  e A, f o r  e v e r y  D e 4 ,  u n d e r  
s u c c e s s i v e  a p p l i c a t i o n s  o f  t h e  d e r i v a t i o n  D, . t h e  
e l e m e n t  y g o e s  o u t  o f  t h e  m i n i m a l  p r i m e  i d e a l  Pa
n o t  l a t e r  t h a n  t h e  e l e m e n t  x .
d) F o r  e v e r y  a  e A, t h e r e  e x i s t s  D e Jfr s u c h  
t h a t  P ( P a ) Pa  a n d  s u c h  t h a t  u n d e r  s u c c e s s i v e  
a p p l i c a t i o n s  o f  t h e  d e r i v a t i o n  D, t h e  e l e m e n t  y 
g o e s  o u t  o f  t h e  m i n i m a l  p r i m e  i d e a l  P n o t  l a t e r  
t h a n  t h e  e l e m e n t  x .
3)  I f  & i s  r e d u c e d  t o  o n e  e l e m e n t  D, i f  x a n d  y  a r e
e l e m e n t s  o f  R, y /  0 ,  t h e n ,  u n d e r  s u c c e s s i v e
a p p l i c a t i o n s  o f  t h e  d e r i v a t i o n  D, t h e  e l e m e n t  y
g o e s  o u t  o f  e v e r y  p r i m e  i d e a l  o f  R n o t  l a t e r  
t h a n  t h e  e l e m e n t  x i f  ( a n d  o n l y  i f )  i t  g o e s  o u t  
o f  e v e r y  m i n i m a l  p r i m e  i d e a l  Pa  n o t  l a t e r  t h a n  
t h e  e l e m e n t  x .
P r o o f : 1) S i n c e  R i s  N o e t h e r i a n ,  R i s  a  K r u l l  r i n g  by
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[ 7 ,  ( 3 3 - 1 0 ) ,  1 1 8 ] ,  and  R = 0 £ARp S i n c e  Pa  l i e s  o v e r  Pa ,
a
we h a v e  Rp c  Rp j and  h y  Lemma 3 - 1 7  we h a v e  Rp ; t h u s ,  we
CC oc CC
finally get that R <= g ^  c  R = g ^ R ^  = g £ARa .
2) S i n c e  R = QeAp a .> we h a v e  t h a t  a )  i m p l i e s  b ) ,  and
c o n v e r s e l y .  F o r  a  e A, z e R, w ( z )  h a s  b e e n  d e f i n e d  i n
P r o p .  3 - 1 6  b y  wa ( z )  = i n f  (wa  D( z ) )  w h e r e  wa  r)( z )  = n  i f
( z ) , . . . , ( z)  e Pa  a n d  D^n ^ ( z )  /  Pa , and
wa  = e pa  f ° r  e v e r y  k > 0 .  I n  Lemma 3-15*
we h a v e  s e e n  t h a t  i f  D(Pa ) ^  Pa  we h a v e  wa  p ( z ) = wa ( z )> and
t h a t  i f  D(Pa ) c  Pa i we h a v e  wa  D( z ) ^ 00 f o r  z e Pa  an d
w n ( z ) = 0 = w ( z )  f o r  z /  P . T h en ,  l e t  a  b e  a n y  e l e m e n tLX j  ±J vX LX
o f  A, and  s u p p o s e  t h a t  w (x )  > w (y )  ; i f  D(P ) ^  P , we h a v ej c  cx ex ex
wa , D < x ) = wa M  ̂  wa ( y ) “ wa , D ( y ) ;  i f  D<PP  C Pa ’ t h e  c a s e
wa  D(x )  = 0  a n d  wa  D( y )  = «>, i . e .  t h e  c a s e  x /  Pa  and. y e Pa
c a n n o t  h a p p e n ,  b e c a u s e  i f  i t  d i d ,  we w o u ld  h a v e
w ( x )  = 0 < w ( y ) ,  w h ic h  w o u ld  b e  a b s u r d ,  so  t h a t ,  h e r e
a g a i n ,  we h a v e  w n (x )  > w n ( y ) i  h e n c e ,  f o r  e v e r y  D e weex y  ] _ j cx y  u
h a v e  w n (x )  > w T> (y ) j  i . e .  t h a t  u n d e r  s u c c e s s i v eex j l j  ex j u
a p p l i c a t i o n s  o f  t h e  d e r i v a t i o n  D, t h e  e l e m e n t  y  g o e s  o u t  o f  
Pa  n o t  l a t e r  t h a n  t h e  e l e m e n t  x .  H e n ce ,  b )  i m p l i e s  c ) .
Now, s i n c e  R i s  ^ - s i m p l e ,  t h e r e  e x i s t s  D e Jfr s u c h  t h a t
D(Pa ) ^  an d  b y  t h e  h y p o t h e s i s  c ) ,  u n d e r  s u c c e s s i v e
a p p l i c a t i o n s  o f  t h a t  d e r i v a t i o n ,  t h e  e l e m e n t  y  g o e s  o u t  o f
Pa  n o t  l a t e r  t h a n  t h e  e l e m e n t  x .  H en ce ,  c )  i m p l i e s  d ) .
Now, f o r  a  e A, c h o o s e  D e 3  s u ch  t h a t  D (pa ) $  pa  a n d  s u c h  
t h a t  t h e  h y p o t h e s i s  o f  d) i s  s a t i s f i e d :  t h e n ,  we h a v e  
wa (x )  = wa  D(x )  > wa D(y )  -  wa ( y ) . H ence ,  d) i m p l i e s  b )  and
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we a r e  t h r o u g h .
3)- We now s u p p o s e  t h a t  & i s  r e d u c e d  t o  o n e  e l e m e n t  
D. Then., t o  e v e r y  p r i m e  i d e a l  M o f  R we c a n  a s s o c i a t e  a  
d e r i v a t i o n  v ,  w h o se  a s s o c i a t e  v a l u a t i o n  r i n g  R^. c o n t a i n s  R, 
t h i s  b y  P r o p .  1.15. ,  P r o p .  1 . 1 9  and  T h eo rem  3 - ^ -  S i n c e  R 
i s  i n t e g r a l l y  c l o s e d ,  i t  c o n t a i n s  R a l s o .  I f  x and. y a r e  
two e l e m e n t s  o f  R s u c h  t h a t  y  ^  0,  an d  s u c h  t h a t  t h e  e l e m e n t  
y  g o e s  o u t  o f  e v e r y  m i n i m a l  p r i m e  i d e a l  o f  R n o t  l a t e r  t h a n  
t h e  e l e m e n t  x ,  t h e n  b y  2 ) ,  x / y  e R c  r  , h e n c e  we h a v e  
v ( x )  > v ( y ) ,  i . e .  t h a t  u n d e r  s u c c e s s i v e  a p l l i c a t i o n s  o f  t h e  
d e r i v a t i o n  D, t h e  e l e m e n t  y g o e s  o u t  o f  t h e  p r i m e  i d e a l  M 
n o t  l a t e r  t h a n  t h e  e l e m e n t  x .
The C o h e n - S e i d e n b e r g 1s l y i n g  o v e r  t h e o r e m  s t a t e s  t h a t  
i f  R i s  a  r i n g ,  S an  o v e r r i n g  o f  R w h ic h  i s  i n t e g r a l  o v e r  R, 
t h e n  f o r  e v e r y  p r i m e  i d e a l  P o f  R, t h e r e  e x i s t s  a  p r i m e  
i d e a l  P 1 o f  S s u c h  t h a t  P 1 H R = P .  We a r e  g o i n g  t o  show 
t h a t  f o r  ^ - s i m p l e  o v e r r i n g s  o f  a  ^ - s i m p l e  N o e t h e r i a n  r i n g  
h a v i n g  same q u o t i e n t  f i e l d ,  t h e  c o n v e r s e  o f  t h a t  t h e o r e m  i s  
t r u e ;  m ore  p r e c i s e l y :
T heorem  3 • 1 9 • L e t  R b e  a  N o e t h e r i a n ,  3 ~ s i m p l e  r i n g  w i t h  
q u o t i e n t  f i e l d  K. L e t  S b e  a  r i n g  s u c h  t h a t  R c  S c  K and  
s u c h  t h a t  e v e r y  D e 3  c an  b e  e x t e n d e d  t o  S .  T h e n ,  t h e  
f o l l o w i n g  a r e  e q u i v a l e n t :
a )  F o r  e v e r y  m i n i m a l  p r i m e  i d e a l  P o f  R, t h e r e
e x i s t s  a  ( u n i q u e )  p r i m e  i d e a l  Q, o f  S s u c h  t h a t
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q  n r  - p .
b)  S i s  i n t e g r a l  o v e r  R
c)  F o r  e v e r y  p r i m e  i d e a l  M o f  R, t h e r e  e x i s t s  a  
( u n i q u e )  i d e a l  N o f  S s u c h  t h a t  N O R  = M.
P r o o f : T h a t  b)  i m p l i e s  c) i s  a  c o n s e q u e n c e  o f  C ohen -
S e i d e n b e r g ' s  l y i n g  o v e r  t h e o r e m ;  t h a t  c)  i m p l i e s  a )  i s  
o b v i o u s .  L e t  (P ~}~ , -A b e  t h e  s e t  o f  t h e  m i n i m a l  p r i m e  i d e a l s
CC J t  t  A
o f  R, a n d  (Ra ) a e ^ t h e  a s s o c i a t e d  v a l u a t i o n  r i n g s ;  i f  we 
s u p p o s e  t h a t  f o r  e v e r y  a  e A, t h e r e  e x i s t s  a  p r i m e  i d e a l  Qa 
o f  S s u c h  t h a t  Qa  0 R = p , then . ,  b y  P r o p .  3-&> we h a v e  
S c  R^ f o r  e v e r y  a ,  a n d  a s  a  c o n s e q u e n c e ,  S c  Q^.AR„ = R.
CC CC C  r \
H e n c e ,  a)  i m p l i e s  b ) .
T h e o re m  3 - 2 0 . L e t  R b e  a  N o e t h e r i a n ,  s i m p l e  r i n g ,  w i t h  
q u o t i e n t  f i e l d  K, R t h e  i n t e g r a l  c l o s u r e  o f  R. T h e n ,
1)  R i s  t h e  b i g g e s t  .5 - s i m p l e  o v e r r i n g  o f  R i n  K
h a v i n g  a  p r i m e  i d e a l  l y i n g  o v e r  e v e r y  p r i m e
i d e a l  o f  R.
2) R i s  t h e  b i g g e s t  B~ s i m p l e  o v e r r i n g  o f  R i n  K
h a v i n g  a  p r i m e  i d e a l  l y i n g  o v e r  e v e r y  m i n i m a l
p r i m e  i d e a l  o f  R
P r o o f : T h i s  i s  a n  i m m e d i a t e  c o n s e q u e n c e  o f  T h e o re m  3 - 1 9 -
C o r o l l a r y  3 - 2 1 . L e t  R b e  a  N o e t h e r i a n ,  ^ - s i m p l e  r i n g ,  R 
i t s  i n t e g r a l  c l o s u r e ,  P a  m i n i m a l  p r i m e  i d e a l  o f  R, P t h e  
m i n i m a l  p r i m e  i d e a l  o f  R l y i n g  o v e r  P .  Then ,  t h e  i n t e g r a l
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c l o s u r e  o f  Rp i s  Rp = ^ r\ r -
P r o o f : By [ 1 4 ,  Lemma p .  2 6 9 ] ,  t h e  i n t e g r a l  c l o s u r e  o f  Rp i s  
R p \ p . Now, s i n c e  R i s  N o e t h e r i a n ,  R i s  a  K r u l l  r i n g ,  a nd  
Rp i s  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g ,  w h i c h  i s  . f t - s i mp l e  
s i n c e  R, and a s  a  c o n s e q u e n c e  R, a r e  . f t - s i m p l e ;  f u r t h e r m o r e ,  
Rp h a s  a  p r i m e  i d e a l  l y i n g  o v e r  t h e  u n i q u e  p r i m e  i d e a l  o f  
t h e  . f t - s i m p l e  r i n g  Rp ; t h e n ,  b y  T h e o r e m  3 . 2 0 ,  Rp h a s  t o  h e  
t h e  i n t e g r a l  c l o s u r e  o f  R p .
Lemma 3 • 2 2 . L e t  R b e  a  l o c a l ,  1 - d i m e n s i o n a l ,  D - s i m p l e  r i n g ,
M i t s  m a x i m a l  i d e a l .  T h e n ,  t h e  f o l l o w i n g  a r e  e q u i v a l e n t :
a )  R i s  i n t e g r a l l y  c l o s e d .
b )  F o r  e v e r y  k  > 1,  we h a v e
Mk = {xeR /  d ( ° ) (x ),. . . , D ^ k _ 1 ) ( x )  e M}.
P r o o f : S u p p o s e  R i n t e g r a l l y  c l o s e d ;  t h e n  R i s  a. r a n k  1
d i s c r e t e  v a l u a t i o n  r i n g  b y  [ 1 5 , C o r .  1,  4 2 ] .  L e t  u  b e  a
g e n e r a t o r  o f  M; s i n c e  R i s  D - s i m p l e ,  we c a n  s u p p o s e  t h a t
D(u)  = 1 .  I f  x e Mk , we c e r t a i n l y  h a v e  t h a t  D ^ ^ ( x ) , . . . ,
( k - l ' i  k(*•) e M b y  P r o p .  1 . 2 ;  c o n v e r s e l y ,  i f  x ^  Mv, we h a v e
x  -  u n t  w i t h  n  < k  a nd  t  u n i t  i n  R; t h e n ,  we h a v e
D(x)  = n u n - 1 t  + u n D ( t ) , d ( 2 ) ( x )  = n ( n - l ) u n _ 2 t + 2nun _ 1 D ( t )  1
u np ( 2 ) ( t )  = n ( n - l ) u n _ 2 t  + u n _ '1' 0p w i t h  0^ e R ,  ..
D^n k x )  = n ! t  + u0 w i t h  0 e R; s i n c e  R i s  D - s i m p l e  o f\ 1 n  n ,
c h a r a c t e r i s t i c  0 ,  i t  c o n t a i n s  t h e  r a t i o n a l  n u m b e r s  b y  P r o p .  
1 . 5 ,  a n d n i t  i s  a  u n i t  i n  R, s o  t h a t  (x )  /  M. H e n ce ,
a )  i m p l i e s  b ) . Now, s u p p o s e  t h a t  b)  i s  t r u e ,  a nd  l e t  R be
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t h e  i n t e g r a l  c l o s u r e  o f  R.  By C o r .  3 - 1 2 ,  R i s  a  D - s i m p l e  
r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g ;  l e t  M b e  i t s  m a x i m a l  i d e a l ;
on  R t h e  c o n d i t i o n s  o f  a )  a r e  s a t i s f i e d ,  h e n c e ,  a s  we saw
b e f o r e ,  we h a v e  Mk = {xeR / D ^ ^ ( x ) , . . . , D ^ k (x )  e M] f o r
e v e r y  k > 1 ; t h e n ,  we g e t
Mk n R = {xeR /  D^0 ) ( x ) ,  . . . , D ^ k - 1  ̂ (x )  e M) 0 R 
{xeR /  D^0 ) ( x ) ,  . . . , D ^ k - 1  ̂ ( x )  e Md R = M) = Mk s i n c e  we 
s u p p o s e  t h a t  b )  i s  t r u e .  He nc e ,  vie g e t  t h a t  R i s  a  
t o p o l o g i c a l  s u b s p a c e  o f  R. ( w i t h  t h e i r  M - a d i c  a nd  M - a d i c  
t o p o l o g y  r e s p e c t i v e l y ) ,  a nd  R* <= ( R )* w h e r e  R* and  (R)*  a r e  
t h e  c o m p l e t i o n  o f  R a n d  R r e s p e c t i v e l y .  By Lemma 2 .3*  (R)*  
h a s  n o  n i l p o t e n t  e l e m e n t  o t h e r  t h a n  0 , h e n c e  R* c  (R)*  Ra s  
n o  n i l p o t e n t  e l e m e n t  o t h e r  t h a n  0 e i t h e r ,  h e n c e ,  a g a i n  b y  
Lemma 2 .3*  R i s  a  f i n i t e  R - m o d u l e ,  a nd  , b y  P r o p .  1 . 2 2  and
1 . 23*  we g e t  R -  R, i . e .  t h a t  R i s  i n t e g r a l l y  c l o s e d .  Hence
.b) i m p l i e s  a)  .
Lemma 3 • 2 3 . L e t  R b e  a  N o e t h e r i a n  d o ma i n ,  D a  d e r i v a t i o n  
o f  R, P a  p r i m e  i d e a l  o f  R.  T h en ,  t h e  f o l l o w i n g  a r e  
e q u i v a l e n t  f o r  k >_ 0 :
a )  (PRp ) k = (xeRp /  D ^ ° ) ( x ) , . . . , D ^ k “ 1 ^ ( x )  e PRp ] .
b )  (PRp ) k n R =  [xeR /  D ^ ° ^ ( x ) , . . . , D ^ k _ 1 ^ ( x )  e P]  .
P r o o f : T h a t  a)  i m p l i e s  b )  i s  t r u e  b e c a u s e  PRp fl R = p .  Now,
s u p p o s e  t h a t  b )  i s  t r u e .  A l r e a d y ,  b y  P r o p .  1 . 2 , -  we h a v e
( PRp ) k  c  [xeRp /  D ^ ° ^ ( x ) , . . . , D ^ k - 1 ) ( x )  e PRp}- C o n v e r s e l y ,  
l e t  x  e Rp s u c h  t h a t  x = ^  ( x ) , . . . ,  ■rv_1) ( x )  e PRp ; we
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c a n  w r i t e  x = p q/ P qj d ( x ) -  P q / S q j  • • •  >
^ ( k - l ) ^ x  ̂ _ p k._1/ 0 k _-  ̂ w i t h  p p e P a n d  0 p e r \ p  f o r  e v e r y
k —■ 1 ki  -  0 , . . . , k - l ;  s e t  0 = a n d  c o n s i d e r  y  = 0 x .  S i n c e
0 p e R \ P ,  we h a v e  0 and 0k  e R \ P  a l s o .  F o r  e v e r y  n  s u c h
t h a t  0 < n < k - 1 , we h a v e  0 D^n ^ ( x )  = 0Pn/ S n = Pn l_Ii ^ n e i  e
f o r  e v e r y  j  s u c h  t h a t  0 < j  < k - 1 ,  we h a v e  b y  Lemma 3 - 1  t h a t
p ( j ) ( y )  = D^J ) ( 0 k x)  -  £ C1D^1 \ / 0 k )D^' ] “ 1  ̂ ( x ) ; b u t ,  f o r  i
X U J)
s u c h  t h a t  0 < i  < j  < k - 1 ,  we h a v e  D ^ ^ ( 0 k ) e 0R b y  P r o p .
1 . 2 ,  so  t h a t  ( 0 k ) D ^ ~ ^  ( x )  e 0D^"~^^ ( x ) R  w h i c h ,  we h a v e '
j u s t  s e e n ,  i s  c o n t a i n e d  i n  P;  h e n c e ,  we g e t  t h a t
D ^ ' ^ ( y )  = £ . ( 0k ) ( x)  e P f o r  e v e r y  j  s u c h  t h a t
x ^ <3
0 < j  < k - 1 ,  a nd  y e (PRp ) k fl R s i n c e  we suppose-  b )  t o  b e  
t r u e .  T h e n ,  we g e t  t h a t  x  -  y / d ^  e (PRp ) k Rp = ( PRp ) ^  s i n c e  
0k  e R \ P .  H e n c e ,  b )  i m p l i e s  a ) .
Th e o r e m  3.2^1. L e t  R b e  a  N o e t h e r i a n ,  s i m p l e  r i n g ,  P. i t s
i n t e g r a l  c l o s u r e ,  (P k  . t h e  s e t  o f  a l l  t h e  m i n i m a l  p r i m e  °  3 L a JaeA
i d e a l s  o f  R.  S u p p o s e  t h a t  f o r  e v e r y  a  e A, t h e r e  e x i s t s  
D e 3  s u c h  t h a t  f o r  e v e r y  k  > 1,  t h e  k - t h  s y m b o l i c  p o w er  
P^k ) o f  Pa  i s  e q u a l  t o  [xeR /  ( x ) , . . . ,  " ^ ( x )  e pa ^-
T h e n > R -  a £A h p  •CC
P r o o f : L e t  a  b e  a n y  e l e m e n t  o f  A, a n d  D e s u c h  t h a t  f o r
e v e r y  k  > 1 ,  P^k  ̂ = {xeR /  ( x ) , . . ( x)  e Pa }.
T h en ,  we h a v e  D(P ) ^  P , b e c a u s e  o t h e r w i s e  we w o u l d  h a v e  
p ( L )  _ p p o r  e v e r y  p x w h i c h  i s  a b s u r d  s i n c e  R i s
CC >»».
N o e t h e r i a n .  T h e n ,  b y  Lemma 3 . 2 ,  Rp i s  D - s i m p l e ,  b y  Lemma
a
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3.23, (PaRPa )k ^ tX£RPa / d(0)(x); ••■iD(k"1)(x) € paRPa ^  
a nd  o f  c o u r s e  Rp i s  l o c a l ,  1 - d i m e n s i o n a l ,  so  t h a t ,  b y
Lemma 3 - 2 2 ,  Rp i s  i n t e g r a l l y  c l o s e d ,  i . e .  R i s  a  r a n k  1 
a a
d i s c r e t e  v a l u a t i o n  r i n g .  So,  i f  we l e t  Pa  b e  t h e  m i n i m a l
p r i m e  i d e a l  o f  R l y i n g  o v e r  P , we h a v e  Rp c  L  j a nd
a a
t h e r e f o r e  R-p, = Rp , so  t h a t  R = s i n c e  by
a_ a e A Ra aeA V
Lemma 3.17, fP } „ is the set of all the minimal prime J  a JaeA
i d e a l s  o f  R.
C o r o l l a r y  3 . 2 3 . L e t  R b e  a  N o e t h e r i a n ,  ^ - s i m p l e  r i n g ,
^Pa J a e A  s e ^ oP a l ~" '̂he  mpnpma-p P ^ i me  i d e a l s  o f  R.  Then ,
t h e  f o l l o w i n g  a r e  e q u i v a l e n t :
a)  R i s  i n t e g r a l l y  c l o s e d .
b)  R = Q R a nd  f o r  e v e r y  a  e A, t h e r e  e x i s t s
a
D e Jfr s u c h  t h a t  f o r  e v e r y  k > 1 , t h e  k - t h  
s y m b o l i c  p o w e r  P ^ )  o f  Pa  i s  e q u a l  t o  
{xeR /  (x ), . . ( x )  e Pa ] .
P r o o f :  I f  R i s  i n t e g r a l l y  c l o s e d ,  t h e n  R i s  a  K r u l l  r i n g
a nd  R = H R . L e t  a  b e  a n y  e l e m e n t  o f  A, a nd  k  a ny
a
i n t e g e r  > 1 .  L e t  D e 3  s u c h  t h a t  D(Pa ) ^  Pa ; b y  Lemma 3 . 2 ,
Rp i s  a  D - s i m p l e  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g ,  h e n c e ,  b y  
a
Lemma 3 - 2 2 ,  we h a v e
( pa.Rpa ) k  = [x6RPa  /  D ' 0 ) ( x ) ,  ' • - D ( k _ 1 ) ( x )  g Pa RPa }  ̂ h e n c e
Pa k '> = ( Pa Rp ) k ° R = fxeR /  D^ ( x )> • • . , D ^ k - 1 ) ( x )  e Pa } by  
Lemma 3 . 2 3 .  H e n c e ,  a )  i m p l i e s  b ) . T h a t  b )  i m p l i e s  a ) ,  i s  
a  d i r e c t  c o n s e q u e n c e  o f  T h e o r e m  3 . 2 4 .
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The  f o l l o w i n g  two  p r o p o s i t i o n s  a r e  i s o l a t e d  r e s u l t s  
o b t a i n e d  a s  t r y i n g  t o  g e t  some i n f o r m a t i o n s  a b o u t  t h e  
c o m p o n e n t s  o f  a  p r i n c i p a l  i d e a l  o f  a  D - s i m p l e  r i n g .
P r o p o s i t i o n  3 - 2 6 . L e t  R b e  a  l o c a l ,  i n t e g r a l l y  c l o s e d  D- 
s i m p l e  r i n g ,  w i t h  m a x i m a l  i d e a l  M. L e t  x  e M s u c h  t h a t  
D( x )  = u n i t  i n  R. L e t  P^ ,  . . . , P  b e  t h e  i s o l a t e d  p r i m e  
i d e a l s  o f  x .  L e t  {P^iL A b e  t h e  s e t  o f  a l l  t h e  m i n i m a l
( X  v X  (z 1\
p r i m e  i d e a l s  o f  R, a n d  l e t  y  e M s u c h  t h a t  y  /  Pa  f o r  e v e r y  
a  fL 1,  . . . , r .  T h en ,  t h e r e  e x i s t s  n > 1 a n d  t  u n i t  i n  R s u c h  
t h a t  y  = x n t .
P r o o f :  L e t  (v„ }„ , _A b e  t h e  v a l u a t i o n s  a s s o c i a t e d  t o  t h e
CX v X  t  }-\
mi.n3.mal p r i m e  i d e a l s  {P } A, w t h e  v a l u a t i o n  a s s o c i a t e d  t o
( X  CC £  J\
t h e  m a x i m a l  i d e a l  M, a nd  R t h e  v a l u a t i o n  r i n g  o f  w. S e tw
n  = sup  {v ( y ) } ,  a nd  c o n s i d e r  x n / y ;  we h a v e  v ( x n ) = n v  (x)QL CC ex cx
= n  i f  a  = 1 , . . . , r ,  a nd  -  0 i f  a  1 , . . . , r ,  h e n c e
va ( x n ) > : v a ( y )  f o r  e v e r y  a  e A , • h e n c e  x n/ y  e R.  Now, we
h a v e  w ( x n ) = nw(x)  = n ,  b u t  a l s o  o b v i o u s l y  w(y)  > sup  [v  (y}
a
= n  a nd  w (x n ) > w(y)  s i n c e  x n/ y  e R <= r ^ ,  so t h a t  we g e t
n  = w (x n ) > w(y)  > n ,  h e n c e  w (x n ) = w( y )  a n d  xn/ y  i s  a  u n i t
i n  R . T h e n ,  s i n c e  x n/ y  b e l o n g s  t o  R, a n d  s i n c e  t h e  m a x i m a l
i d e a l  o f  R l i e s  o v e r  t h e  m a x i m a l  i d e a l  o f  R, we g e t  t h a t  w • &
xn / y  i s  a l s o  a  u n i t  i n  R.
N o t e  t h a t  i f  R i s  a  N o e t h e r i a n  D - s i m p l e  i n t e g r a l l y
c l o s e d  r i n g ,  M an  i d e a l  o f  R, x  e M s u c h  t h a t  D(x)  /  M,
P n , . . . , P t h e  i s o l a t e d  p r i m e  i d e a l s  o f  x w h i c h  a r e  1 r
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c o n t a i n e d  i n  M, we c a n  g e t  some s i m i l a r  r e s u l t s  t o  t h o s e  o f  
t h e  p r e v i o u s  p r o p o s i t i o n  b y  c o n s i d e r i n g  t h e  l o c a l i z a t i o n  R^.
P r o p o s i t i on 3 . 2 7 . L e t  R b e  a  l o c a l ,  i n t e g r a l l y  c l o s e d  D-
s i m p l e  r i n g ,  w i t h  m a x i m a l  i d e a l  M. L e t  P b e  a  m i n i m a l  p r i m e  
i d e a l  o f  R, a n d  s u p p o s e  t h a t  t h e r e  e x i s t s  x e R  s u c h  t h a t  
vp ( x ) =: 7 a nd  v  ( x ) = ® I"o r  ° t h e r  m i n i m a l  p r i m el r  • CC
i d e a l s ,  a n d  t h a t  w(x).  ■ — m. L e t  y  e M; t h e n ,  we h a v e :
1) P = xR.
2) The  f o l l o w i n g  a r e  e q u i v a l e n t :
a )  / y R  = P.
b )  w ( x ) V p ( y )  = w ( y ) ,  w h e r e  w i s  t h e  v a l u a t i o n  
a s s o c i a t e d  t o  M.
c)  w ( x ) v p (y)  > w(y)
3) w ( x ) v p ( y )  < w(y)  . (Thi ' s  i s  a  r e f i n e m e n t  o f  t h e  
o b v i o u s  r e l a t i o n  Vp(y)  _< w ( y ) ) .
P r o o f :  1) T a k e  z c P;  we h a v e  Vp(z )  > 0 ,  h e n c e  V p( z )  > 1 =
V p ( x ) ,  a nd  va ( z )  > 0 = va (x ) i 'o r  e v e r y  Pa  /  Pj  h e n c e ,
z / x  e R a n d  z e x R . Hence ,  P = x R .
2) I f  / y R  = P -- xR, t h e n  t h e r e  e x i s t s  n  > 1 a nd  t
u n i t  i n  R s u c h  t h a t  y  -- xn t  o b v i o u s l y  a n d  , t h e n ,  we h a v e
Vp(y)  = y p ( x n ) = n v p ( x )  = n a n d  w(y)  = w( xn ) = n w ( x ) ,  so
t h a t  we h a v e  w ( x ) V p ( y )  -  w ( x ) n  = w( y )  . H e n ce ,  a )  i m p l i e s
b ) . T h a t  b)  i m p l i e s  c)  i s  o b v i o u s .  Now, s u p p o s e  c)  t o  be  
t r u e ,  s e t  w(x)  -  m and  w ( y) -  k ,  a n d  c o n s i d e r  t h e  e l e m e n t
y^ / x* -' .  We h a v e ,  f o r  e v e r y  Pa  /  P,  v ( ym) > 0 = va ( x ^ ) ,  and
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vP(yrc) = nvP(y) = w(x)vP(y) > w(y) = k = vP(x ')* so that
y m/ x k e R . F u r t h e r m o r e ,  we h a v e  w (y m) -  mw(y) = mk and
w ( x ^ )  = k w( x )  = km, so  t h a t  yra/ x k  i s  a  u n i t  i n  R . Then
a g a i n ,  s i n c e  y  / x  b e l o n g s  t o  R, i s  a u n i t  i n  R 13 R, and
s i n c e  t h e  m a x i m a l  i d e a l  o f  R l i e s  o v e r  t h e  m a x i m a l  i d e a l  o fw
R, we g e t  t h a t  y m/ x ^  i s  a  u n i t  i n  R,  s o  t h a t  / yR = / x R  = P.  
H e n c e ,  c )  i m p l i e s  a ) .
3)  We h a v e  shown i n  2)  t h a t  t h e  c o n d i t i o n s  b )  and
c)  a r e  e q u i v a l e n t ;  h e n c e ,  we h a v e  t h a t  w ( x ) v p ( y )  > w(y)  c an  
n e v e r  h a p p e n ,  i . e .  t h a t  w ( x ) v p (y )  < w(y)  i s  a l w a y s  t r u e .
Open q u e s t i o n : We h a v e  s e e n  t h a t  i f  R i s  a  N o e t h e r i a n .  Jfr-
s i r n p l e  r i n g ,  t h e n  we h a v e  R c  OR c  r  -  QR= . I n  T h e or e m
a  a
2 . 7 j we h a v e  s e e n  t h a t  OR < R c a n  h a p p e n :  c a n  R < HRp
a ‘a
a l s o  h a p p e n ? A l s o ,  i n  C o r .  3 . 2 5 ,  we h a v e  a  c h a r a c t e r i z a t i o n
i n  t e r m s  o f  d e r i v a t i o n s  f o r  t h e  e q u a l i t y  HR = R t o  h a p p e n
a
when we a l r e a d y  know t h a t  R -  QRp , a n a  i n  T h e o r e m  3 - 1 8 ,
■ a
we h a v e  a  c h a r a c t e r i z a t i o n  i n  t e r m s  o f  d e r i v a t i o n s  f o r  t h e
e q u a l i t y  R -- 0 R p = R t o  h a p p e n ;  i n  t h e  same way,  a r e  t h e r e
a
some c h a r a c t e r i z a t i o n s  i n  t e r m s  o f  d e r i v a t i o n s  f o r  t h e
e q u a l i t i e s  R = OR , R = OR when we s u p p o s e  a l s o
a a
R = OR , R = OR t o  h a p p e n  ?
a. a
Open q u e s t i o n : I f  R i s  a  N o e t h e r i a n  s i m p l e  r i n g ,  t h e n
i s  R N o e t h e r i a n  a l s o  ?
CHAPTER IV 
DERIVATIONS AND COMPLETIONS
P r o p o s i t i o n  4 . 1 . L e t  R b e  a  r i n g . ,  A a n  i d e a l  o f  R s u c h  
t h a t  fln“ 0 An = ( 0 ) ,  D a  d e r i v a t i o n  o f  R.  L e t  (0j_}j b e  a  
Cauc hy  s e q u e n c e  i n  R w i t h  t h e  A - a d i c  t o p o l o g y .  Then ,  
{ D ( 0 ^ ) } ^  i s  a l s o  a  Ca uc h y  s e q u e n c e  i n  R, and i f  
f u r t h e r m o r e  0 = l i m  0^ b e l o n g s  t o  R, t h e n  D( 0 )  = l i m  D ( 0 ^ ) .
P r o o f : S i n c e  i s  a  C au ch y  s e q u e n c e ,  f o r  e v e r y
p o s i t i v e  i n t e g e r  n  t h e r e  e x i s t s  a n  i n t e g e r  N s u c h  t h a t  f o r
e v e r y  i  > N, and  e v e r y  j  > N, we h a v e  0 . - 0 . .  e An , h e n c e
■L J
a l s o  D ( 0 . ) - D ( 0 . )  = D ( 0 . - 0 . )  e An b y  P r o p .  1 . 2 ,  h e n c e  
-L I <3
{ D ( 0 ^ ) } ^  i s  a  C au c hy  s e q u e n c e  i n  R . I f  now we s u p p o s e  t h a t  
0 = l i m  0 ^ e R, t h e n  o f  c o u r s e  D(0)  e R, and we h a v e  t h a t  
f o r  e v e r y  i n t e g e r  n > 0 t h e r e  e x i s t s  a n  i n t e g e r  N s u c h  t h a t  
f o r  e v e r y  i  > N, we h a v e  0 - 0 ^  e An , h e n c e  D(0)  ~ D ( 0 ^ )  -- 
D ( 0 - 0 i ) e An _ 1 , a nd  D(0)  = l i m  D(0_i ) .
T h e or e m U . 2 . L e t  R b e  a  r i n g ,  A an  i d e a l  o f  R s u c h  t h a t
Hn” 0An = ( 0 ) ,  D a  d e r i v a t i o n  o f  R, R* t h e  c o m p l e t i o n  o f  R 
w i t h  t h e  A - a d i c  t o p o l o g y .  Then ,  D cs.n b e  e x t e n d e d  t o  a  
d e r i v a t i o n  on R*,  a nd  i f  f u r t h e r m o r e  A i s  f i n i t e l y  
g e n e r a t e d ,  i t  c a n  b e  d o n e  i n  a  u n i q u e  way.
P r o o f : F o r  0 e R*,  l e t  {Ch]j_ b e  a  C au c hy  s e q u e n c e  i n  R
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s u c h  t h a t  0 = l i m  0 ^ ,  a n d  s e t  D ' ( 0 )  = l i m  D ( 0 ^ ) . L e t  show
t h a t  D 1 i s  a  d e r i v a t i o n  on R* a nd  i s  an  e x t e n s i o n  o f  D.
By P r o p ,  4 . 1 ,  i f  i s  a  C au ch y  s e q u e n c e  i n  R, t h e n
[D(0 .^ )}^  i s  a l s o  a  Cauc hy  s e q u e n c e  i n  R, so  t h a t  i t  makes
s e n s e  t o  w r i t e  D ' ( 0 )  = l i m  D (0 ^)  . Now,, i f  ( 0 ^ 3 ^  and
a r e  C au c hy  s e q u e n c e s  i n  R s u c h  t h a t  0 -  l i m  0^ = l i m  t/u ,
t h e n  we h a v e  t h a t  f o r  e v e r y  n  > 0 t h e r e  e x i s t s  N s u c h  t h a t
nf o r  e v e r y  i  > N, we h a v e  e A , h e n c e  a l s o
D (0 ^)  -  D(ir^)  = D(0^-vm ) e An _ ^ and l i m  D( 0^ )  = l i m  D(in  ) .
H e n c e ,  D 1 i s  a  w e l l  d e f i n e d  f u n c t i o n  on R* .
L e t  an(3 C au c hy  s e q u e n c e s  i n  R, and s e t
0 = l i m  0.  a nd  tt = l i m  rr. . Then  we h a v e  0-iur = l i m  ( 0 , + T r . ) ,i  i  v i  i '
0'ir = l i m  ( 0 ^7r ^ ) ;  we a l s o  h a v e  D ' ( 0 + t i )  = l i m  D(0. .Tiiu) = 
l i m  [ D ( 0 ^ )  + D(t t^)  ] = l i m  D (0 ^ )  + l i m  D(t tv)  = D ' ( G )  + D ' ( i r ) ,  
a n d  D ' ( 0 t t )  = l i m  D(0^t iv)  = l i m  [ 0 ^ D ( n u )  + t t u D ( 0 ^ ) ]  =
[ l i m  0 ^ ] [ l i m  D(?/u ) ] -l- [ l i m  uu ] [ l i m  D (0 ^ )  ] = 0D 1 (tt) + irD 1 (0 )  .
H e n ce ,  D 1 i s  a  d e r i v a t i o n  on R*,  and i t  o b v i o u s l y  i s  an
e x t e n s i o n  o f  D.
I f  A i s  a  f i n i t e l y  g e n e r a t e d  i d e a l ,  t h e  t o p o l o g y  o f  R* 
i s  t h e  (ARx' ) - a d i c  t o p o l o g y  b y  [ 7 ,  ( 1 7 - 4 ) ,  5 5 ] -  L e t  0 b e  an 
e l e m e n t  o f  R* and a  C au ch y  s e q u e n c e  i n  R s u c h  t h a t
0 = l i m  0 ^ .  Then  i f  D" i s  a  d e r i v a t i o n  on R* w h i c h  e x t e n d s  
D, a p p l y i n g  4 . 1 ,  i t  h a s  t o  b e  s u c h  t h a t  D " ( 0 )  -- l i m  D " ( 0 ^ )
= l i m  D ( 0 ^ ) ,  i . e .  t h a t  D" = D 1 .
C o n s e q u e n c e  4 . 3 . L e t  R b e  a  r i n g ,  X an i n d e t e r m i n a t e  o v e r
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R, D a  d e r i v a t i o n  o f  R [ X ] . T h e n ,  D c a n  b e  u n i q u e l y  e x t e n d e d  
t o  a  d e r i v a t i o n  D'  o n ' R [ [ X ] ]  b y  s e t t i n g
/ O o  i . co , i \
D ' t E i ^ x  ) = s 1=o D( n x )■
R e m a r k : L e t  K b e  a  f i e l d ,  X a n  i n d e t e r m i n a t e  o v e r  K, D a
d e r i v a t i o n  o f  K(X) w h i c h  i s  r e g u l a r  on K [ X ] . L e t  K ( ( X ) ) b e  
t h e  q u o t i e n t  f i e l d  o f  K [ [ X ] ] ;  K ( ( X ) )  h a s  a n  i n f i n i t e  
t r a n s c e n d e n c e  s e t  o v e r  K(X) ,  h e n c e ,  D c a n  b e  e x t e n d e d  t o  
i n f i n i t e l y  many d e r i v a t i o n s  on K( (X) ) ( s e e  [ 1 4 ,  p .  1 2 4 ] ) ;  
b u t  among a l l  t h o s e  e x t e n s i o n s ,  o n l y  one  i s  r e g u l a r  on 
K [ [ X ] ] ;  i n d e e d ,  i f  t h e r e  w e r e  t wo ,  t h e y  w o u ld  h a v e  t o  b e  
e q u a l  on  K [ [ X ] ]  b y  C o n s e q u e n c e  4 . 3  and h e n c e  a l s o  on t h e  
q u o t i e n t  f i e l d  K ( ( X ) ) .
N o t e : L e t  R b e  a  r i n g ,  D a  d e r i v a t i o n  o f  R, A a n  i d e a l  o f
R s u c h  t h a t  ,rin” o ^ n = comP i e 4 i o n  o f  R w i t h  t h e
A - a d i c  t o p o l o g y .  Wh en e ve r  we s h a l l  w r i t e  D(0)  w i t h  0 e R*,
we s h a l l  mean t h a t  we t a k e  t h e  v a l u e  f o r  0 o f  t h e  d e r i v a t i o n  
D ’ o f  R* w h i c h  h a s  b e e n  c o n s t r u c t e d  i n  T h e o r e m  4 . 2 .
I n  a  c o m p l e t e  r i n g  c o n t a i n i n g  t h e  r a t i o n a l  n u m b e r s ,  we 
c a n  a s s o c i a t e  some e n d o m o r p h i s m s  t o  a  d e r i v a t i o n  i n  t h e  
f o l l o w i n g  way:
P r o p o s i t i o n  4 . 4 . L e t  R b e  a  r i n g  c o n t a i n i n g  t h e  r a t i o n a l  
n u m b e r s ,  A an  i d e a l  o f  R s u c h  t h a t  n ^ ^ A 11 = ( 0 ) ,  D a 
d e r i v a t i o n  o f  R, x  an  e l e m e n t  o f  A. S u p p o s e  t h a t  R i s
XD
c o m p l e t e  f o r  i t s  A - a d i c  t o p o l o g y .  Then ,  e : R ^ R
d e f  i n e d  b y  ex ~ ( 0 )  = l i m  0^  w i t h  0n  = G-l-xD(0)-l- . . +xn D^n  ̂ ( 0 ) / n !
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- v T )  - v p .
a n d  e : R ---* R d e f i n e d  b y  e ( 0 )  = l i m  0 '  w i t h
0^  = 0 - x D ( 0 ) + . . . + ( - l ) n x n D^n ^ ( 0 ) / n !  a r e  two e n d o m o r p h i s m s
o f  R.
P r o o f :  We f i r s t  n o t e  t h a t  [0 } a n d  ( 0 ' }  a r e  Cauc hy---------- 1 n  n L n  n  J
s e q u e n c e s  i n  R, and  h e n c e ,  s i n c e  R i s  c o m p l e t e ,  t h e i r
xD
l i m i t s  a r e  e l e m e n t s  o f  R . We a r e  g o i n g  t o  show t h a t  e i s
 xD
a n  e n d o m o r p h i s m  o f  R; t h e  p r o o f  t h a t  e i s  a l s o  an  
e n do m o r p h i s m  w o u ld  b e  s i m i l a r .
F o r  0 and  ir b e l o n g i n g  t o  R, we h a v e  e ( Q-\-ir) -  
l i m  ( 0+tt) w i t h
( 0+ i r ) n  = ( 0+7r) + • • • ( 0 + i r ) / i !  + . . . + x n D^n  ̂ ( 0 + 7 r ) / n ! ;
b u t  f o r  0 < i  < n ,  we h a v e  D ^ ^ ( 0 - i - i r )  = ( 0 )  + ( i r ) ,
xT)
h e n c e  ( 0-i-7r ) n = anc* 6 ( 0+7r) -  ( 0'7Tr) p ~
■ y T )  y D
l i r n  0n  + l i m  m = e ' ( 0 )  + e ( it) . We a l s o  h a v e  
ex D(0Tr) = l i m  ( d m) n w i t h  (0' ir)n = Dtt-i- . . . +xn D^n  ̂ ( 0 f r ) / n !,  
a n d  eX'D( 0 ) exD(ir) = [ l i m  0 ] [ l i m  ] = l i m  0n 7rn  ; b u t  
0n 7rn  = [ 0+ .  • . i x n D^n ^ ( 0 ) / n !  ] [ t t+.  . . +x n D^n  ̂ ( 7r ) / n :  ] =
[ 077 + . . .  + x ^ ^ q D ^  ( t t ) / [  i  I ( n - i )  !] + . . . +  x 2nS ^ c r  ■ ^
a n d  S i a o D( i ) ( 0 ) D ( n  ^  ( 7r ) / [  i  J ( n - i )  I ] -
( 0 ) D ^ n-7 "̂  ( 7r ) C ^ / n !  = ( 07 r ) /n  ! b y  Lemma 3 -1 j h e n c e
we h a v e  l i m  = I t 717 ( 07r) n  > an0 eX^ ( 0 ) e X^ ( 7r) = eX^ ( 0 i r ) .
xjj
H e n ce ,  e i s  an  e n d o m o r p h i s m  o f  R.
N o t e : T h e s e  o p e r a t o r s  a r e  u s e d  b y  0 .  Z a r i . s k !  i n  [ 1 3 ] .
A p p l i c a t i o n : L e t  R b e  a  r i n g  c o n t a i n i n g  t h e  r a t i o n a l
n u m b e r s ,  D a  d e r i v a t i o n  o f  R, t  an I n d e t e r m i n a t e  o v e r  R.
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We c a n  e x t e n d  D t o  a  d e r i v a t i o n  D'  o f  R [ [ t ] ]  b y  s e t t i n g
i~Or i ^ 1 ) = ^ i - 0 D^r i ^ L  ] 1 i s  c o m p l e t e  f o r  i t s
( t ) - a d i c  t o p o l o g y , ,  s o ,  i f  we t a k e  x  t o  b e  a n y  e l e m e n t  o f
x D 1 - x D 1t h e  i d e a l  ( t ) ,  e a n d  e " v a i l  b e  e n d o m o r p h i s m s  o f  
R [ [ 4 ] ]  b y  P r o p .  4 . 4 ;  i n  p a r t i c u l a r ,  i f  we t a k e  x  = t ,  we -  
g e t  t h a t  e 1"'0 ' : R [ [ t ] ]  R [ [ t ] ]  d e f i n e d  b y
e t D ' ( 0 ) = l i r a  [ 0 + t D  ' ( 0 )  + . . . + t n D'(n ) ( 0 ) / n  ! }n  =
0 + t D '  ( 0 ) +  . . . + t n D 1 ( 0 ) / n . '  + . . . . a s  w e l l  a s  e a r e
e n d o m o r p h i s m s  o f  R [ [ t ] ] ;  t h o s e  a r e  t h e  o p e r a t o r s  u s e d  by  
S e i d e n b e r g  i n  [ 1 1 ]  a nd  [ 1 2 ] .
The  f o l l o w i n g  lemma w h i c h  i s  due  t o  Z a r i s k i ,  c a n  b e  
found,  i n  [13* Lemma 4,  5 2 6 ] .
Lemma 4 . 5 . L e t  R b e  a  r i n g  c o n t a i n i n g  t h e  r a t i o n a l  n u m b e r s ,  
A a n  i d e a l  o f  R s u c h  t h a t  6 n~QAn  = ( 0 ) ,  D a  d e r i v a t i o n  o f  R. 
S u p p o s e  t h a t  R i s  c o m p l e t e  f o r  i t s  A - a d i c  t o p o l o g y ,  a nd  
t h a t  t h e r e  e x i s t s  an  e l e m e n t  x  e A s u c h  t h a t  D(x)  i s  a  u n i t  
i n  R.  T h e n ,  i f  we s e t  R^ = [zeR /  D(z )  = 0 ] ,  we h a v e  t h a t
x i s  a n a l y t i c a l l y  i n d e p e n d e n t  o v e r  R-  ̂ a nd  t h a t  R i s  e q u a l
t o  t h e  p o w e r  s e r i e s  r i n g  R ^ [ [ x ] ] .  I f  f u r t h e r m o r e  R i s  D- 
s i m p l e ,  t h e n  R^ i s  a  f i e l d .
P r o o f : Of  c o u r s e ,  we c a n  s u p p o s e  t h a t  D(x)  = 1 .  C o n s i d e r
xD •” xDt h e  e n d o m o r p h i s m  e , a nd  l e t  show t h a t  R^ = I m a ge  o f  e
I f  z e R-^, we h a v e  D( z )  = 0 ,  h e n c e  a l s o  D ^ ' ^ ( z )  = 0 f o r
e v e r y  i  > 1 , a nd  e XD( z )  = l i m  [ z - . . . + ( - l ) n x n D^n ^ ( z ) / n ! }n -
-xDl i m  z = z ,  so  t h a t  e ' i s  t h e  i d e n d i t y  on R^ and
6 4
_ X T)
R^ <= I m a g e  o f  e . C o n v e r s e l y , ,  I f  t h e r e  e x i s t s  0 e R s u c h  
t h a t  z = e XD(0)  = l i m  {0 - xD(  0)-i-. . . + ( - l ) n x n D^n  ̂ ( z ) / n  I )n , 
t h e n ,  b y  P r o p .  4 . 1 ,  we h a v e
D ( z )  = l i m  { D ( 0 - x D ( 0 ) + . . . + ( - l ) n x n D^n ^ ( z ) / n ! ) ) n ■= 
l i m  ( D(e )  + i : J 2 1 ( - i )  j [*' ] ~ V J’ ) ( 0 ) / ( : j - i ) ! i  x V j + i ' ( e ) / j  i ] ) n 
= l i m  ( ( - l ) n x n D^n + 1  ̂( 0 ) / n i  Jn  = 0 .  h e n c e ,  R1 = I m a g e  e “ x D . 
L e t  show t h a t  Rx = K e r n e l  o f  e . I f  r  e R, we h a v e
II ~[") __ X7) *\r Th
e ( r x )  = e ( r ) e ( x ) -  0 b e c a u s e  we c a n  r e a d i l y  c h e c k
t h a t  e~x D( x )  -  0 s i n c e  D(x)  = 1 a n d  D ^ ^ ( x )  = 0 f o r  e v e r y
—y  "Di  > 2 .  C o n v e r s e l y ,  i f  0 e R i s  s u c h  t h a t  e ( 0 )  -  0 ,  t h e n  
we h a v e  0 = e~xD( 0 ) = l i m  {0 - x D ( 0 ) + . . .  + ( - 1 ) n x n D^n  ̂ ( 0 ) / n  ! ) n , 
h e n c e  0 -  x [ l i m  ( D ( 0 ) - . . . + ( - 1 ) n xn - 1D^n ^ ( 0 ) / n J } R ] e Rx.
L e t  show t h a t  R = R- ^Rx  = R - J f x ] ] .  R n Rx = ( 0 )  s i n c e
_ V‘T)
e i s  t h e  i d e n d i t y  on R^ a nd  z e r o  on Rx;  now, f o r  r  e R,
we h a v e  e X^ ( r )  = l i m  ( r - x D ( r ) - i  . . .+ ( - l ) n x n D^n  ̂ ( r ) / n  J j ^ ,
h e n c e  r  = e~x ^ ( r )  + x [ l i m  (D ( r ) - . . .  + ( - 1 ) n  ^ x 11 ( r  ) / n  ] }n ]
h e n c e ,  r  e R^+Rx.  H e n c e ,  R -  R-^©Rx. I f  r  e R, we h a v e
r  = 7Tq+SqX w i t h  irQ e R^ a nd  s Q e R; s i n c e  s Q e R, we a l s o
p
h a v e  Sq = i r^+s^x ,  h e n c e  r  = ifQ+ir-^x+s^x ' w i t h  ir-  ̂ e Rj_ and
s 1 e R; b y  i n d u c t i o n ,  we g e t  t h a t  t h e r e  e x i s t s  a  s e q u e n c e
tt~,  tt 7r , . . .  o f  e l e m e n t s  o f  Rn s u c h  t h a t  f o r  e v e r yO’ 1 n  1
 ̂ rv l t n N n +1  nn + ln  > 0 we h a v e  r  -  ( x+ . . .+ir x  ) e Rx c= A , i . e .— v 0 1 n  '
t h a t  r  = l i m  f n x + . . . +7r x n ] . So ,  I f  we a g r e e  t o  s e t  1 0 1 n  Jn
n  nl i m  {irr,+Tr1 x-i-. . .+7r x  ] = ttx+tt,  x+ . . . +ir x  + . . .  , we g e t  t h a t1 0 1 n  J n 0 1 n  *
R R j t x ] ] ,  a nd  s i n c e  R i s  c o m p l e t e ,  t h e  i n v e r s e  
c o n t a i n m e n t  i s  a l s o  t u r e ,  and we h a v e  R = R ^ [ [ x ] ] .
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L e t  show t h a t  x i s  a n a l y t i c a l l y  i n d e p e n d e n t  o v e r  R1 . 
I n d e e d ,  i f  we s u p p o s e  t h a t  0 = 7r ^ x X+ . . Hwr^+ k x 1+k+ . . . w i t h  
it. ■/ 0 a n d  t t . i e R, f o r  e v e r y  k  > 0 ,  i . e .  t h a t1 1-J-K J, —
0 = l i m  {-nvxi + . . . +7ri + k x 1 + k }k , t h e n ,  b y  P r o p .  4 . 1 ,  v;e h a v e  
0 D(0 ) = l i m  [ D ( i r ^ x ^ + . . .+tiu ^ x 1*1 k ) ) k , h e n c e  b y  i n d u c t i o n  
0 -  1  ̂ ( 0 ) = l i m  [ D ^  ( tt1x 1+ .  . •+v  1+kx X + k ) ) k =
1ri i l  + x [  l i m  {7i 1+ 1 ( i + l ) + .  . .+iri + k (i-i-k) ( i + k - 1 ) . . ( k + l ) x k+1 ) fc] ; 
t h e n ,  we g e t  ttu e R^ H Rx = ( 0 )  w h i c h  i s  a  c o n t r a d i c t i o n  
w i t h  t h e  h y p o t h e s i s  nu /  0 .
I f  R i s  D - s i m p l e ,  t h e n  R^ i s  a  f i e l d  b y  P r o p .  1 . 5 .
L i pman  g i v e s  t h e  f o l l o w i n g  g e n e r a l i z a t i o n  o f  t h a t  
l emma i n  [ 6 ] .
P r o p o s i t i o n  4 . 6 . L e t  R b e  a  r i n g  c o n t a i n i n g  t h e  r a t i o n a l  
n u m b e r s ,  A a n  i d e a l  o f  R s u c h  t h a t  = ( ° ) j a nd  s u p p o s e
t h a t  R i s  c o m p l e t e  f o r  i t s  A - a d i c  t o p o l o g y .  S u p p o s e  t h e r e  
e x i s t s  some d e r i v a t i o n s  Dn , D 0 , . . . , D  o f  R and  some e l e m e n t s
-L cL S
x ,  , x „ ,  ...jX i n  A s u c h  t h a t  t h e  m a t r i x  ( D . ( x . ) )  i s  I 3 2 J J s v j 1 1
i n v e r t i b l e .  Then ,  t h e r e  i s  a  s u b r i n g  R^ o f  R s u c h  t h a t
X1 JX2 J ' ' ‘ 1x s a r e  a n a l y t i c a l l y  i n d e p e n d e n t  o v e r  R ^ , R i s  
e q u a l  t o  t h e  p o w e r  s e r i e s  r i n g  R - ^ t t x - ^ x ^ ,  . . . , x g ] ] ,  R^ 
c o n t a i n s  t h e  s u b r i n g  {zeR /  D ^ ( z )  = 0} f o r  i  = 1 , 2 , . . . , s .
P r o o f : S e e  [ 6 , T h e o r e m 2,  8 8 l ] .
Lemma 4 . 7 .  L e t  R b e  a  r i n g ,  D a  d e r i v a t i o n  o f  R, P ^ , . . . , P^ 
some p r i m e  i d e a l s  o f  R s u c h  t h a t  P.. $  P . f o r  e v e r y  i  -/■ j
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a n d  D(IJi ) $  P^ f o r  i  = 1 ,  . . . , r .  Then* t h e r e  e x i s t s
x  e P - , n . . . n p  s u c h  t h a t  D( x )  d. P - . U . . . U P  .1 r  v ' 1 r
P r o o f : L e t  show f i r s t  t h a t  f o r  e v e r y  i  = 1 3 2j . . . , r ,  t h e r e
e x i s t s  x .  e p . . n . . . n p  s u c h  t h a t  D(x .  ) e D . P . a ndi  1 r  v x '  J 7YL j
D ( x ^ )  /  P ^ . So* l e t  i  h e  f i x e d ;  s i n c e  D( P^ )  cf P-jy t h e r e
e x i s t s  u  e P^ s u c h  t h a t  D( u )  /  P^ ;  f o r  e v e r y  j  ^  i* we h a v e
P .  9̂  P . ,  h e n c e  t h e r e  e x i s t s  t .  e P .  s u c h  t h a t  t .  /  P . :
J l  J J 3 i
s e t  t  = T l . / . t . ;  we h a v e  t  e 0 - . p .  a n d  t  /  P.  . Then*
3 J 1
2
c o n s i d e r  x .  = t  u :  s i n c e  t  e 0 . a n d  u  e P.* we g e t  t h a tx 5 Jf' l  x D
x ^  e an<^ we a -1-so  h a v e  D ( x ^ )  = 2 t u D ( t )  + t 2D ( u ) ;
D ( x ^ )  /  P^ b e c a u s e  t ^ D ( u )  /  P^ a s  b o t h  t ^  and  D( u )  /  P^*
a nd  2 t u D ( t )  e P.  a s  u  e P . ;  D ( x . )  e D . P.. b e ca .u s e1 X I  J y~ X J
* i e V i i a s  t 2  £ n ^ i p j -
Now* c o n s i d e r  x = x - , + x „ + . . . + x  ; x  e P - , n . . . n p  s i n c e1 2 r p 1 r
every xi does; D(x) = D(xi) +S ) $  Pi since D(xi) /
and D (xj) 6 Pj_ for every J - / i; hence3 D(x ) / P1U...UPr .
N o t e : The  p r e c e d i n g  lemma i s  n o t  t r u e  i n  g e n e r a l  f o r
i n f i n i t e l y  many p r i m e  i d e a l s .  F o r  an  exampl e*  c o n s i d e r  
K[X*Y] w i t h  K a  f i e l d  o f  c h a r a c t e r i s t i c  0 ;  we show i n  
c h a p t e r  V t h a t  i t  i s  D - s i m p l e  f o r  a  c e r t a i n  d e r i v a t i o n  D* 
h e n c e  we c e r t a i n l y  D(Pa ) c  Pa  f o r  e v e r y  m i n i m a l  p r i m e  i d e a l  
Pa  o f  K[X*Y];  f u r t h e r m o r e *  s i n c e  t h e y  a r e  m i n i m a l  p r i m e  
i d e a l s *  we a l s o  h a v e  Pa  ^  P^ f o r  e v e r y  a  6 ; now* s i n c e  
K[X*Y] i s  a  K r u l l  r i n g *  we h a v e  HP = (0)*  a n d  o f  c o u r s e  
D(0)  -  0 e Pa  f o r  e v e r y  a .
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P r o p o s i t i o n  4 . 8 . L e t  R b e  a  r i n g ,  b  a  f a m i l y  o f  d e r i v a ­
t i o n s  o f  R, some p r i m e  i d e a l s  o f  R s u c h  t h a t
P.  $  P . f o r  e v e r y  i  /  j . S u p p o s e  t h a t  f o r  e v e r y  i  = 1 , .  . , r  
r  J
t h e r e  e x i s t s  e b  s u c h  t h a t  D ^( P^ )  ^  P ^ . Then ,  t h e r e
e x i s t s  D e b .  t h e r e  e x i s t s  x  e P - , n . . . n p  s u c h  t h a t  J 1 r
D( x )  /  PXU . . .UPr .
P r o o f : We h a v e  D^(P-^) P-  ̂ ; b y  i n d u c t i o n ,  s u i j p o s e  t h a t
we h a v e  a  d e r i v a t i o n  DJ e b  s u c h  t h a t  D I ( P . )  $  p - f o r
i i J J
every j - 1 , 2 ,  . if D!(P1+1) <f p1+r set D' + 1 = Dp if
Df Pi+P C Pi+1 set Dh l  = Di + pl+lDi+l where pi+l e
P , n . . . n p .  a n d  p .  d  P.  , : s u c h  a  p .  , e x i s t s  c e r t a i n l y  1 1 * 1+1  A n - 1 5 * 1+1
s i n c e  P, <= p . f o r  e v e r y  k /  j . T h e n ,  we h a v e ,  f o r  e v e r y  j  
k J
such t h a t  1 < j  < i ,  = Dp P j ) + P i+1D1+1(Pj) ? Pj
s i n c e  DJ ( P . . ) $  P . b y  o u r  h y p o t h e s i s  o f  i n d u c t i o n ,  a n d  s i n c e  
J J
p i + l  G P ,i; f u r t h e r m o r e  D{+ 1 ( P i + 1 ) ¥  p i+ 1  s i n c e  p { ( p i + 1 ) c
P i +1  a n d  s i n c e  b o t h  p i + l  ^  P i +1  a n d  Di + l ( p i + l )  ?  P i + 1 '
H e n c e ,  we h a v e  o b t a i n e d  t h a t  t h e r e  e x i s t s  a  d e r i v a t i o n  D e b
s u c h  t h a t  D( P^ )  ^  P^ f o r  e v e r y  i  -  1 , 2 , . . . , r .  Now, we c a n
a p p l y  t h e  Lemma 4 . 7  t o  g e t  t h e  e x i s t e n c e  o f  a n  e l e m e n t
x  e P,fl . . . flp s u c h  t h a t  D(x)  d  P,U . . .UP .1 r  v ' 7 1 r
C o r o l l a r y  L . 9 - L e t  R b e  a  s i m p l e  q u a s i  s emi  l o c a l  r i n g  
w i t h  J a c o b s o n  r a d i c a l  M. T h en ,  t h e r e  e x i s t s  D e b ,  t h e r e  
e x i s t s  x e M, s u c h  t h a t  D(x)  i s  a  u n i t .
T h e o r e m  4 . 1 0 . L e t  R b e  a  q u a s i  s e m i  l o c a l  r i n g  o f  
c h a r a c t e r i s t i c  0 w i t h  J a c o b s o n  r a d i c a l  M. S u p p o s e  t h a t  R i s
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d i f f e r e n t i a b l y  s i m p l e  f o r  a  s i n g l e  d e r i v a t i o n  D ( h e n c e ,  we 
c e r t a i n l y  h a v e  n n“ QMn = ( 0 )  b y  C o n s e q u e n c e  1 . 3 ) >  and s u p p o s  
t h a t  R i s  c o m p l e t e  f o r  i t s  M - a d i c  t o p o l o g y .  T h en ,  t h e r e  
e x i s t s  a  f i e l d  K c  R a nd  a n  e l e m e n t  t  a n a l y t i c a l l y  
i n d e p e n d e n t  o v e r  K s u c h  t h a t  R -  K [ [ t ] ] .
P r o o f : T h i s  i s  a  c o n s e q u e n c e  o f  Lemma 4 . 5  and C o r .  4 . 9 .
C o n s e q u e n c e  4 . 1 1 . L e t  L b e  a  f i e l d ,  X a n d  Y two i n d e t e r -  
m i n a t e s  o v e r  L.  Then ,  L [ [ X , Y ] ]  i s  n o t  d i f f e r e n t i a b l y  
s i m p l e  f o r  a n y  d e r i v a t i o n  D.
P r o o f : I f  L h a s  c h a r a c t e r i s t i c  0,  t h e n ,  b y  T h e o r e m  4 . 1 0 ,
i n  o r d e r  t o  b e  D - s i m p l e ,  L [ [ X , Y ] ]  w o u l d  h a v e  t o  b e  1 -  
d i m e n s i o n a l ,  w h i c h  i s  n o t .  I f  L h a s  c h a r a c t e r i s t i c  p ^  0,  
t h e n ,  b y  P r o p .  1 . 5 ,  i n  o r d e r  t o  b e  D - s i m p l e ,  L [ [ X , Y ] ]  woul d  
h a v e  t o  b e  a  p r i m a r y  r i n g ,  w h i c h  i s  n o t .
Lemma 4 . 1 2 . L e t  R b e  a  r i n g ,  R i t s  i n t e g r a l  c l o s u r e ,  P a  
p r i m e  i d e a l  o f  R, a nd  P a  p r i m e  i d e a l  o f  R l y i n g  o v e r  P.  
Then ,  P i s  m a x i m a l  i n  R i f  and  o n l y  i f  P i s  m a x i m a l  i n  R.
P r o o f : T h i s  i s  a  d i r e c t  c o n s e q u e n c e  o f  t h e  Cohen-
S e i d e n b e r g ’ s l y i n g  o v e r  t h e o r e m ;  s e e  [ 1 4 ,  p .  2 5 9 ] -
T h e o r e m. 4 . 1 3 - L e t  R b e  a  D - s i m p l e ,  s emi  l o c a l  r i n g  o f
c h a r a c t e r i s t i c  0 w i t h  q u o t i e n t  f i e l d  L,  R i t s  i n t e g r a l
c l o s u r e .  L e t  P-, , P~,  . . . , P  b e  t h e  ma x im a l  i d e a l s  o f  R, a nd  1 2 n
P-j, Pg,  . . . ,  Pn t h e  u n i q u e  p r i m e  i d e a l s  o f  R l y i n g  o v e r
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^2/  ' ‘ ' 3 r e s p e c t i v e l y  ( s e e  P r o p .  3 . 1 4 ) .  By Lemma 4 . 1 2 ,
t h e s e  a r e  a l l  t h e  m a x i m a l  i d e a l s  o f  R.  L e t  M -  P - ^ n . . . n p
a n d  M = P , n . . . n p  h e  t h e  J a c o b s o n  r a d i c a l s  o f  R a nd  R 1 n
r e s p e c t i v e l y  ( n o t e  t h a t  = ( 0 ) = s -̂n c e  R and
R a r e  D - s i m p l e ) . S u p p o s e  t h a t  M i s  f i n i t e l y  g e n e r a t e d ,  
a n d  l e t  R* b e  t h e  c o m p l e t i o n  o f  R w i t h  t h e  M - a d i c  t o p o l o g y  
a n d  (R)*  t h e  c o m p l e t i o n  o f  R w i t h  t h e  M - a d i c  t o p o l o g y .
Th en ,  we h a v e
1)  T h e r e  e x i s t s  t  e M s u c h  t h a t  D ( t )  i s  a  u n i t  i n  R
2) ( R)*  = U [ [ t ] ]  w h e r e  U = {x o ( R) *  /  D( x )  = 0 } .
3) R* = S[  [ t ]  ] w h e r e  S = [xeR* /  D(x)  = 0 } .
4)  I f  U c  L, t h e n  R = R a n d  e d e f i n e d  by  
e - t 'D( z )  = l i m  ( z - t D (  z ) + . . + ( - l ) n t n D^n  ̂ ( z ) / n  ! }n 
i s  an  e n d o m o r p h i s m  o f  R ( e v e n  t h o u g h  R may n o t  
b e  c o m p l e t e ) .
P r o o f : 1)  T h i s  i s  g i v e n  b y  C o r .  4 . 9 .
2 ) S i n c e  M i s  f i n i t e l y  g e n e r a t e d ,  t h e  t o p o l o g y  o f
(R)*  i s  t h e  [ M ( R ) * ] - a d i c  t o p o l o g y  b y  [ 7 ,  ( 1 7 . 4 ) ,  5 9 ] .
S i n c e  we h a v e  t  e M <= M(R)* s u c h  t h a t  D ( t )  i s  a  u n i t  i n  R,
h e n c e  a l s o  u n i t  i n  ( R ) * ,  a nd  s i n c e  ( R) *  i s  c o m p l e t e  f o r  i t s
[ M ( R ) * ] - a d i c  t o p o l o g y ,  we h a v e  b y  Lemma 4 . 5  t h a t
( R ) ‘x = U[ [ t ]  ] w h e r e  U = ( x e ( R ) *  /  D(x)  -  0 ] .
3) T h i s  i s  o b t a i n e d  b y  an  a r g u m e n t  s i m i l a r  t o  t h a t
do n e  i n  2 ) .  ■
4)  Nov; we s u p p o s e  t h a t  U -- ( x e ( R ) ' x' /  D(x)  = 0} cz L; 
s i n c e  R i s  D - s i m p l e  and L t h e  q u o t i e n t  f i e l d  o f  R, we h a v e
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b y  P r o p .  1 . 1 4  t h a t  U c  R, a nd  h e n c e  U -  {xeR /  D(x)  = 0 } .  
Then ,  we g e t  S = { x e R * /  D(x)  = 0} => {xeR /  D( x )  = 0} = U, 
h e n ce .  R* = S [ [ t ]  ] U[ [ t  ] ] -  (R) * ^  R; b u t ,  b y  [ 7 , ( 1 8 . 4 ) ,  
5 9 ] ,  we h a v e  R = R* H L, h e n c e  R = R*HL ^  RCL = R, h e n c e
-  -  t u  -R = R. Now, we know t h a t  e i s  a n  e n d o m o r p h i s m  o f  (R)*
b y  P r o p .  4.4, and  we h a v e  s e e n  i n  Lemma 4.5 that, f o r
z e (R)*b we h a v e  D ( z )  = 0 i f  a nd  o n l y  i f  z e I m a g e  e
t h e n ,  s i n c e  we h a v e  U = { z e ( R ) *  /  D ( z )  = 0]  c  R, we g e t
t h a t  I ma ge  e - " ^  cz Rj a nd  i n  p a r t i c u l a r ,  e - ^0  r e s t r i c t e d  t o
R i s  a n  o p e r a t o r  on R.
C o r o l l a r y  4 .l4 . L e t  R b e  a  D - s i m p l e ,  s emi  l o c a l  r i n g  o f
c h a r a c t e r i s t i c  0,  R i t s  i n t e g r a l  c l o s u r e .  L e t  P ^ , . . . , P
b e  t h e  m a x i m a l  i d e a l s  o f  R, L . . . . . P t h e  m a x i m a l  i d e a l s* 1 n
o f  R, M a n d  M t h e  J a c o b s o n  r a d i c a l  o f  R a n d  R r e s p e c t i v e l y .  
S u p p o s e  t h a t  R i s  c o m p l e t e  f o r  i t ' s  M - a d i c  t o p o l o g y ;  t h e n ,
R = R.
P r o o f :  S i n c e  R i s  D - s i m p l e ,  b y  C o r .  4 .9*  t h e r e  e x i s t s
t  e M s u c h  t h a t  D ( t )  i s  a  u n i t  i n  R.  Now, s i n c e  R i s  D- 
s i m p l e ,  c o m p l e t e  f o r  i t s  M - a d i c  t o p o l o g y ,  a nd  s i n c e  t h e r e  
i s  t  e M s u c h  t h a t  D ( t )  i s  a  u n i t  i n  R, h e n c e  a l s o  i n  R, 
we g e t  b y  Lemma 4 . 5  t h a t  R -- K [ [ t ] ]  w i t h  K a  f i e l d .  Then ,
R is Noetherian, and M is finitely generated. Now, all the 
hypothesis of Theorem 4.13 are satisfied, and we also have 
{xe(R)* = R /  D(x) = 0} c r c  l the quotient field of R, 
so that by the part 4) of the previous theorem, we get R = R
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Remark: The Theorem 4.13 yields some results that i ts  
Corollary 4.14 does not. For example, let  R he a D-simple, 
local, 1-dimensiona.l ring, having M for maximal ideal. 
Suppose that the integral closure is R = where Q
are the rational numbers, and that Y e M. Then, R = R. 
Indeed, we can suppose that D(Y) = 1; then, since 
(R) *  = ( Q [ Y ] ^ y ) ) *  -  Q [ [ 7 ] ] *  and  since D(q)  = 0 for every 
q e Q, by Consequence 4.3* the extension of D to Q[[Y]] has 
to be the derivative with respect to Y, so that we have 
(xe(R)* = Q [ [ Y ] ]  /  D(x) = 0} = Q c= r , and we can apply the 
Theorem 4.13* whereas Cor. 4-.14 could not be used since 
R is not complete.
Lemma 4 . 1 3 . L e t  R b e  a  D - s i m p l e  r a n k  1 d i s c r e t e  v a l u a t i o n  
r i n g  o f  c h a r a c t e r i s t i c  0 .  L e t  t  b e  a  g e n e r a t o r  o f  t h e
m a x i m a l  i d e a l  o f  R.  T h en ,  t h e  c o m p l e t i o n  R* o f  R i s  s u ch
t h a t  R* = K [ [ t ] ]  w i t h  K = (xeR* /  D( x )  = 0} a  f i e l d .
P r o o f : H a v i n g  s e t  K = (xeR* /  D( x )  = 0 ] ,  b y  Lemma 4 . 5  vie
c e r t a i n l y  h a v e  R* = K [ [ t ] ]  s i n c e  R* i s  c o m p l e t e  f o r  i t s
( t R * ) - a d i c  t o p o l o g y .  B e e i n g  a  r a n k  1 d i s c r e t e  v a l u a t i o n  
r i n g ,  R I s  a  r e g u l a r  l o c a l  r i n g ,  and  R* i s  a  do ma in  b y  
[ 1 5 ,  C or .  1,  3 0 2 ] ;  f u r t h e r m o r e ,  s i n c e  R i s  l o c a l  1 - d i m e n ­
s i o n a l ,  R* i s  a l s o  l o c a l  b y  [ 7 ,  ( 1 7 - 5 ) ,  55]  a n d  1 - d i m e n ­
s i o n a l  b y  [7* ( 1 7 - 1 2 ) ,  5 7 ] .  T h en ,  s i n c e  R* ~ K [ [ t ] ]  i s  
a  1 - d i r n e n s i o n a l  d o m a i n ,  we n e e d  t o  h a v e  t h a t  K i s  a  f i e l d .
Lemma. 4 , l 6 .  L e t  K b e  a  f i e l d ,  Y an  i n d  e t e r m i n a / c e  o v e r  K,
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V a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g  w i t h  q u o t i e n t  f i e l d  L. 
S u p p o s e  t h a t  K[Y] <= V c  K [ [ Y ] ]  a nd  t h a t  Y g e n e r a t e s  t h e  
m a x i m a l  i d e a l  o f  V.  T h en ,  i f  V* d e n o t e s  t h e  c o m p l e t i o n  o f  
V, we h a v e  V* = K [ [ Y ] ]  a nd  Y = LO K [ [ Y ] ] .
P r o o f : L e t  M -  YV b e  t h e  m a x i m a l  i d e a l  o f  V.  S i n c e
V c  K[ [ Y] ] ,  f o r  e v e r y  i  > 0,  we h a v e  M1 = Y XY c  y 1K[ [Y] ] 0 V
C o n v e r s e l y ,  i f  0 e Y1K [ [ Y ] ] fl V, t h e n  t h e r e  e x i s t s
f ( Y )  e K[[Y]] s u c h  t h a t  9 = Y^ f ( Y)  e V; h u t ,  b o t h  0 and  Y1
b e l o n g  t o  V c  L, h e n c e  f ( Y )  = 0 / Y 1 e L, and
f ( Y )  e LH K [ [ Y ] ]  = V s i n c e  V i s  a  r a n k  1 v a l u a t i o n  r i n g  
o f  q u o t i e n t  f i e l d  L a n d  t h a t  LO K [ [ Y ] ]  c o n t a i n s  V; t h u s ,  we 
h a v e  0 e Y1 f ( Y )  e Y1V. H e n ce ,  f o r  e v e r y  i  > 0,  we h a v e  
= Y^V ^ Y ^ K [ [ Y ] ] 1 V ;  h e n c e ,  V i s  a  t o p o l o g i c a l  s u b s p a c e  
o f  K[[Y]] , a nd  V* C(K[[Y]])* = K[[Y]].
Now, s i n c e  K[Y] c  YJ we h a v e  YK[Y] c  y y n  K[Y] ,  h e n c e  
YK[Y] = YVC K[Y] = MO K[Y] b e c a u s e  YK[Y] i s  a  m a x i m a l  i d e a l  
o f  K[ Y ] ; t h e n ,  we h a v e  K [ Y ] ^  c  n K(Y) = V O K ( Y ) ,  t h u s
k [Y]^Y)  = VC K(Y) s i n c e  K [Y] ^ Y  ̂ i s  a  r a n k  1 v a l u a t i o n  r i n g  
h a v i n g  K(Y) f o r  q u o t i e n t  f i e l d .  Now, f o r  e v e r y  i  >_ 0,  we 
h a v e  Y1K[ Y1 ^Y) = Y1 [ v n K ( Y ) ]  = Y ^ H  YXK(Y) = Y1V T K ( Y )  = 
Y ^ H  K [ Y ] | Y| , h e n c e ,  K [ Y ] ^ Y  ̂ i s  a  t o p o l o g i c a l  s u b s p a c e  
o f  V, a n d  V* ( K [ Y ] ^ ) *  = K [ [ Y ] ] .
So finally, we get V* = K[[Y]], and by [7> (18.4), 59] 
we have V = V * n L = K[[Y]]0 L.
Remark :  L e t  s t a t e  t h e  Th e o r e m 4.13 in t h e  s p e c i a l  c a s e  of
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R l o c a l  1 - d i m e n s i o n a l :  L e t  R b e  a  D - s i m p l e  l o c a l  1 -
d i m e n s i o n a l  r i n g  o f  c h a r a c t e r i s t i c  0,  w i t h  m a x i m a l  i d e a l  M 
a n d  q u o t i e n t  f i e l d  L;  l e t  R b e  t h e  i n t e g r a l  c l o s u r e  o f  R, 
w h i c h  b y  C o r .  3*12  i s  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g . ,  so 
t h a t  i t s  m a x i m a l  i d e a l  M i s  c e r t a i n l y  f i n i t e l y  g e n e r a t e d ;  
l e t  R* a nd  (R)*  t h e  c o m p l e t i o n  o f  R a nd  R r e s p e c t i v e l y ,  
w i t h  t h e  M - a d i c  a n d  t h e  M - a d i c  t o p o l o g y  r e s p e c t i v e l y .  Then., 
t h e r e  e x i s t s  t  e M s u c h  t h a t  D ( t )  = u n i t  i n  R,
( R) *  = K [ [ t ] ]  w i t h  K = { x e ( R ) *  /  D(x)  = 0 ] ,  a n d  i f  f u r t h e r ­
m o r e  K ^  L,  t h e n  R = R.
H e r e ,  K i s  a  f i e l d ,  b y  Lemma . 1 5 -  Even mor e ,  when 
K c  L, K i s  a  f i e l d  o f  r e p r e s e n t a t i v e s  f o r  R b e c a u s e  i f  we 
c o n s i d e r  t h e  c a n o n i c a l  h omomor ph i s m cp : K [ [ t  ] ] •+ K [ [ t ] ] / ( t ) ,  
a n d  s i n c e  K c= R  = R c : : K [ [ t ] ] ,  we h a v e  K ~  cp(K) c  cp(R) c  
cp(K[ [ t ]  ] )  'w K, h e n c e  K ~  cp(R) ~  R / t K [  [ t  ] ]Hr  -  R/M.
So,  i n  t h e  c a s e  o f  R l o c a l  3.- d i m e n s i o n a l ,  t h e  T h eo r e m
4 . 1 3  s a y s  t h a t  when R a d m i t s  a  c e r t a i n  f i e l d  o f  r e p r e s e n ­
t a t i v e s ,  t h e n  R = R.  B u t  i t  m u s t  b e  p o i n t e d  o u t  t h a t  t h i s  
f i e l d  o f  r e p r e s e n t a t i v e s  i s  a  v e r y  p a r t i c u l a r  o n e ;  n a m e l y  
i t  i s  K = { x e ( R ) *  /  D(x)  = 0 ] .  The  m e r e  e x i s t e n c e  o f  a  
f i e l d  o f  r e p r e s e n t a t i v e s  f o r  R i s  n o t  e n o u g h  t o  g e t  R = R. 
More  p r e c i s e l y ,  we h a v e :
rTieoreni  4 . 1 7 . I t  i s  p o s s i b l e  t o  h a v e  R a  D - s i m p l e  l o c a l  
1 - d i m e n s i o n a l  r i n g  o f  c h a r a c t e r i s t i c  0 , w i t h  m a x i m a l  i d e a l  
M and  i n t e g r a l  c l o s u r e  R > R s u c h  t h a t  t h e r e  e x i s t s  a  f i e l d  
K c  R and (R)*  = K [ [ t ] ]  w i t h  t  e M s u c h  t h a t  D ( t )  --- u n i t
i n  R .
E x a m p l e : T a ke  K = Q^X^, . . . . . )  w h e r e  Q, i s  t h e  f i e l d ,
o f  r a t i o n a l  n u m b e r s ,  X- ,̂ . . . j X ^ ,  . . . b e e i n g  a  s e t  o f  
i n d e t e r m i n a t e s  o v e r  Q. C o n s t r u c t  t h e  r i n g  T = Rp w h e r e  
R = K[Y, i t ,  t ^ ,  t 2 , . . . ,  t  , .  .  .  ] a nd  P = ( Y, ir)R a s  i n
T h e o r e m  2 . 4 .  We h a v e  shown i n  t h a t  T h e o r e m  2 . 4  t h a t  T i s
a  l o c a l ,  1 - d i r n e n s i o n a l  doma,in w h i c h  i s  n o t  i n t e g r a l l y  
c l o s e d ,  a nd  i n  T h e o r e m 2 . 7  t h a t  T i s  D ~ s i m p l e  f o r  a  c e r t a i n  
d e r i v a t i o n  D. L e t  T b e  t h e  i n t e g r a l  c l o s u r e  o f  T;  b y  
C o r .  3 - 1 2 ,  T i s  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g .  T •- Rp c  
K [ [ Y ] ] b e c a u s e  R = K [ Y , v , t ± , . . . ,  t  , . . . ]  c  K [ [ Y ] ]  and
P = (Y, ir)R c  Y K [ [ Y ] ] H  R = P s i n c e  P i s  a  m a x i m a l  i d e a l  o f  R
b y  R e s u l t  a)  o f  T h e o r e m  2 . 4 .  Now, s i n c e  T c  K[ [ Y] ]  and  
s i n c e  K [ [ Y ] ]  i s  i n t e g r a l l y  c l o s e d ,  we h a v e  T c  K [ [ Y ] ] ;  
f u r t h e r m o r e ,  we h a v e  K[Y] c  T, and  a l s o  Y g e n e r a t e s  t h e  
m a x i m a l  i d e a l  o f  T s i n c e  D(Y) = 1;  h e n c e ,  b y  Lemma 4 . 1 6 ,  
we h a v e  (T) *  = K [ [ Y ] ] .  H e n c e ,  T i s  a n  e x a m p l e  o f  a  r i n g  
s a t i s f y i n g  t h e  c o n d i t i o n s  o f  T h eo re m 4 . 1 7 .
We a r e  now g o i n g  t o  s t u d y  t h e  r e l a t i o n s h i p s  b e t w e e n  
t h e  s t a t e m e n t  "R i s  D - s i m p l e "  a n d  t h e  s t a t e m e n t  "R* i s  D- 
s i m p l e " .
T h e o r e m 4 . 1 8 .  L e t  R b e  a  s emi  l o c a l ,  D - s i m p l e  r i n g  o f  
c h a r a c t e r i s t i c  0,  w i t h  J a c o b s o n  r a d i c a l  M a nd  q u o t i e n t  
f i e l d  L.  L e t  R* b e  t h e  c o m p l e t i o n  o f  R w i t h  t h e  M - a d i c  
t o p o l o g y .  T h en ,  R* i s  D - s i m p l e  i f  and o n l y  i f  R i s  a  r a n k
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1 d i s c r e t e  v a l u a t i o n  r i n g .
P r o o f : S i n c e  R i s  s emi  l o c a l ,  R* i s  a l s o  semi  l o c a l  b y
[ 7 ,  ( 1 7 . 6 ) ,  5 5 ] ,  a n d  i s  c o m p l e t e  f o r  i t s  M R* - ad i c  t o p o l o g y  
b y  [ 7 , ( 1 7 . 4 ) ,  5 5 ] .  S i n c e  R i s  D - s i m p l e ,  t h e r e  e x i s t s  
t  c M s u c h  t h a t  D ( t )  = 1 .  T h en ,  i f  \'je s u p p o s e  t h a t  R* i s  
D - s i m p l e ,  we g e t  b y  Lemma 4 . 5  t h a t  R* = K[ [ t ] ]  w h e r e  K i s  
a  f i e l d ,  i . e .  t h a t  R* i s  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g ,  
so  t h a t  R, w h i c h  b y  [ J } ( 1 8 . 4 ) ,  5 9 ] i s  e q u a l  t o  R*H L, i s  
a l s o  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g .  C o n v e r s e l y ,  i f  we 
s u p p o s e  t h a t  R i s  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g ,  t h e n  
R* -  F [ [ t ] ]  w h e r e  F i s  a. f i e l d  b y  Lemma 4 . 1 5 *  a n d  s i n c e  
D ( t )  = 1 ,  R* i s  D - s i m p l e .
Remark  4 . 1 9  ■ A r i n g  R i s  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g  
i f  a nd  o n l y  i f  R i s  a  s e m i  l o c a l  r i n g  s a t i s f y i n g  t h e  
f o l l o w i n g  t h r e e  c o n d i t i o n s :  1) R h a s  o n l y  one  m a x i m a l
i d e a l ,  2) R i s  i n t e g r a l l y  c l o s e d ,  3) R i s  1 - d i m e n s i o n a l .
We c a n  g i v e  e x a m p l e s  D - s i m p l e  s emi  l o c a l  r i n g s  o f  
c h a r a c t e r i s t i c  0 w i t h  one  o f  t h o s e  t h r e e  c o n d i t i o n s  n o t  
s a t i s f i e d ,  a nd  t h e  o t h e r  two s a t i s f i e d ,  w h i c h  shows t h a t  we 
c a n n o t  d r o p  a n y  o f  t h o s e  t h r e e  c o n d i t i o n s  w i t h o u t  r e p l a c i n g  
i t  b y  s o m e t h i n g  e l s e  i n  t h e  Th e o r e m  4 . 1 8 .
E x a mp l e  1 : L e t  K b e  a  f i e l d  o f  c h a r a c t e r i s t i c  0 ,  X and. Y
two i n d e t e r m i n a t e s  o v e r  K. We show i n  c h a p t e r  V i s  D~ 
s i m p l e  f o r  a  c e r t a i n  d e r i v a t i o n  D; t h e n ,  R = K [ X , Y ] ^  y)  4s  
a l s o  D - s i m p l e  b y  P r o p .  1 . 1 5  and 1 . 1 9 ;  R 4s  t h e n  a  s emi
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l o c a l  r i n g  s u c h  t h a t  c o n d i t i o n s  1 ) a n d  2 ) a r e  s a t i s f i e d *  
b u t  n o t  3 ) •
E x a m p l e  2 : Take  R = Q , ^ *  X£ * . . . )  [Y* ir* t - ^  t 2 * . . . ]  ^ ^  a s
d e f i n e d  i n  T heo r em 2 . 4 .  R i s  a  s e m i  l o c a l  D - s i m p l e  r i n g  
s u c h  t h a t  c o n d i t i o n s  1 ) a n d  3 ) a r e  s a t i s f i e d *  b u t  n o t  2 ) 
( t h i s  h a s  b e e n  c h e c k e d  i n  T h e o r e m s  2 . 4  a nd  2 . 7 ) -
E x a m p l e  3 - L e t  K b e  a  f i e l d  o f  c h a r a c t e r i s t i c  0 ;  a s  
m e n t i o n e d  i n  E xa mpl e  1* K[X*Y] i s  D - s i m p l e  f o r  a  c e r t a i n  
d e r i v a t i o n  D; t hen*  b y  P r o p .  1 .1 5 *  t h a t  d e r i v a t i o n  i s  
r e g u l a r  on  K [ X * Y ] ^ ^  a n d  on K f X j Y ] ^ ) *  h e n c e  i t  a l s o  
r e g u l a r  on R = K[ X* Y ]  ̂ 0 K[X* Y]  ̂Y^; b y  P r o p .  1 ..19..* R i s
D - s i m p l e ;  f u r t h e r m o r e *  R i s  a  P r i n c i p a l  I d e a l  Domain  w i t h  
two m a x i m a l  i d e a l s  a s  an  i n t e r s e c t i o n  o f  two r a n k  1 d i s c r e t e  
v a l u a t i o n  r i n g s ;  h en ce *  i n  p a r t i c u l a r *  R i s  a  s emi  l o c a l  
r i n g  s u c h  t h a t  c o n d i t i o n s  2 ) and 3 ) a r e  s a t i s f i e d *  b u t  
n o t  1 ) .
So* T h eo re m 4 . 1 8  a nd  Remark  4 . 1 9  show t h a t  we c a n  v e r y  
w e l l  h a v e  R D - s i m p l e  a nd  R* n o t  D - s i m p l e .  On t h e  o t h e r  
hand* we h a v e :
P r o p o s i t i o n  4 . 2 0 . L e t  R b e  a  s e m i  l o c a l  r i n g  w i t h  J a c o b s o n  
r a d i c a l  M* D a  d e r i v a t i o n  o f  R* a nd  R* t h e  c o m p l e t i o n  o f  R 
w i t h  t h e  M - a d i c  t o p o l o g y .  S u p p o s e  t h a t  R* i s  D - s i m p l e ;  
t h e n *  R i s  D - s i m p l e  a l s o .
P r o o f : I f  R was n o t  D - s i m p l e *  t h e r e  w o u l d  b e  an  i d e a l  A o f
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R suc.h that (0) < A < R and D(A) c A; than, AR* would he 
an ideal of R* such that ( 0 )  < AR* < R* because AR* H R = A 
by [7. (17.9)^ 571. and since D(AR*) = AD(R*)+D(A)R* c AR*, 
R* would not be D-simple either, which is a contradiction.
P r o p o s i t i o n  4 . 2 1 . L e t  R b e  a  r i n g ,  A a n  i d e a l  o f  R s u c h  
t h a t  ^ n” o ^ n  = ( 0 ) J -R* c o m p l e t i o n  o f  R w i t h  t h e  A - a d i c
t o p o l o g y .  T h en ,  i t  may h a p p e n  t h a t  R* i s  D - s i m p l e  f o r  some 
d e r i v a t i o n  D and  t h a t  R i s  n o t  d i f f e r e n t i a b l y  s i m p l e  f o r  
a n y  d e r i v a t i o n  d .
E x a m p l e : T a k e  R t o  b e  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g
c o n t a i n i n g  t h e  r a t i o n a l  n u m b e r s  a n d  w h i c h  i s  n o t  d i f f e r e n -  
t i a b l y  s i m p l e  f o r  a n y  d e r i v a t i o n  d (we p r o o v e  t h a t  s u c h  
r i n g s  e x i s t  i n  P r o p o s i t i o n  6 . 6 ) .  T h e n ,  we p r o o v e  i n  Lemma
6 . 2  t h a t  t h e  c o m p l e t i o n  o f  R i s  o f  t h e  t y p e  K [ [ Y ] ]  w i t h  K 
a  f i e l d ,  w h i c h  i s  d i f f e r e n t i a b l y  s i m p l e  f o r  t h e  d e r i v a t i v e  
■with r e s p e c t  t o  Y.
P r o p o s i t i o n  4 . 2 2 . L e t  R b e  a  D - s i m p l e  r i n g  o f  c h a r a c t e ­
r i s t i c  0 ,  A an i d e a l  o f  R s u c h  t h a t  = ( 0 ) .  ^ ^ e
c o m p l e t i o n  o f  R w i t h  t h e  A - a d i c  t o p o l o g y .  S u p p o s e  t h a t  R* 
i s  n o t  D - s i m p l e .  T h en ,  t h e r e  e x i s t s  a  p r i m e  i d e a l  P o f  R* 
s u c h  t h a t  P (0 )  and  Pfl R = ( 0 )  .
P r o o f : S i n c e  R i s  D - s i m p l e  a nd  o f  c h a r a c t e r i s t i c  0 ,  R
c o n t a i n s ,  t h e  r a t i o n a l  n u m b e r s  b y  P r o p .  1 . 5 j  h e n c e ,  R* 
c o n t a i n s  a l s o  t h e  r a t i o n a l  n u m b e r s .  Howeve r ,  s i n c e  R* i s
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n o t  D - s i m p l e ,  b y  P r o p .  1 . 1 0 ,  t h e r e  e x i s t s  a  p r i m e  i d e a l  P 
o f  R* s u c h  t h a t  ( 0 )  < P < R* a n d  D(P)  c  P; t h e n ,  we h a v e  
PH R < R, a nd  D(PH R) c  pfl  R, so  t h a t  PH R = ( 0 )  s i n c e  R i s  
D- s i m p l e .
Corollary 4.23. Let K be a field of characteristic 0,  X 
and Y two indeterminates over K. Then, there exists a 
prime ideal P of K [ [ X , Y ] ]  such that ( 0 )  < P < K [ [ X , Y ] ]  and 
P n K [ X , Y ] ^ Y  ̂ = ( 0 )  -  P H K [ X , Y ] .
P r o o f : K [ X , Y] ,  a nd  h e n c e  a l s o  K [ X , Y ] ^  i s  D - s i m p l e  f o r
a  c e r t a i n  d e r i v a t i o n  D ( s e e  C h a p t e r  V ) . K [ [ X , 1 ] ]  i s  n o t  D-
s i m p l e  b y  C o n s e q u e n c e  4 . 1 1 .  H e n ce ,  s i n c e  K [ [ X , Y ] ]  i s  t h e  
c o m p l e t i o n  o f  K [ X , Y ] ^  w i t h  t h e  ( X , Y ) - a d i c  t o p o l o g y ,  we 
c a n  a p p l y  P r o p .  4 . 2 2 .
The  f a c t  t h a t  a  d e r i v a t i o n  D on a  r i n g  R c a n  b e  
e x t e n d e d  t o  t h e  c o m p l e t i o n  R* o f  R w i l l  e n a b l e  u s  a t  t i m e s  
t o  t r a n s p o r t  a  p r o b l e m  f r o m  R t o  R* w h e r e  we c a n  u s e  t h e  
a d d i t i o n a l  p r o p e r t y  o f  c o m p l e t e n e s s ,  a n d  p u l l  b a c k  t h e  
r e s u l t s  t o  R.  T h a t  t e c h n i q u e  c a n  b e  u s e d  f o r  i n s t a n c e  t o  
g i v e  a n o t h e r  p r o o f  o f  1)  o f  P r o p .  3 . 1 4  c o m p l e t e l y  i n d e ­
p e n d e n t l y  o f  t h e  r e s u l t s  o f  C h a p t e r  I I I  i n  t h e  f o l l o w i n g  
way:
Lemma 4 . 2 4 . L e t  R b e  a  D - s i m p l e ,  l o c a l ,  1 - d i m e n s i o n a l  r i n g  
o f  c h a r a c t e r i s t i c  0 ,  M i t s  m a x i m a l  i d e a l ,  R i t s  i n t e g r a l  
c l o s u r e ,  R* i t s  c o m p l e t i o n  w i t h  t h e  M - a d i c  t o p o l o g y .  Then ,  
t h e r e  e x i s t s  a  r i n g  S s u c h  t h a t  S ^  R*,  a n d  t h e r e  e x i s t s
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t  e M s u c h  t h a t  R* = S [ [ t ] ]  w h e r e  S i s  a  p r i m a r y  N o e t h e -  
r i a n  r i n g .
P r o o f : S i n c e  R i s  D - s i m p l e ,  t h e r e  e x i s t s  t  e M s u c h  t h a t
D ( t )  i s  a  u n i t  i n  R.  S i n c e  M i s  f i n i t e l y  g e n e r a t e d ,  t h e  
t o p o l o g y  o f  R* i s  t h e  M R* - ad i c  t o p o l o g y  b y  [ 7 ,  ( 1 7 . 4 ) ,  55]  • 
F u r t h e r m o r e ,  s i n c e  R i s  D - s i m p l e ,  R c o n t a i n s  t h e  r a t i o n a l  
n u m b e r s  b y  P r o p  1 . 5 ,  s o  t h a t  R* c o n t a i n s  t h e  r a t i o n a l  
n u m b e r s  a l s o .  T h e n ,  b y  Lemma 4 . 5 ,  we h a v e  R* = S [ [ t ] ]  w i t h  
S = (xeR* /  D ( x )  = 0 } .  Now, s i n c e  R i s  l o c a l  1 - d i m e n s i o n a l ,  
R* = S [ [ t ] ]  i s  a l s o  l o c a l  1 - d i m e n s i o n a l  b y  [ 7 ,  ( 1 7 . 5 ) ,  5 5 ] 
a n d  [ 7 j ( 1 7 - 1 2 ) ,  5 7 ] -  H e n c e ,  S h a s  t o  b e  l o c a l ,  0 - d i m e n -  
s i o n a l ,  i . e .  t h a t  S i s  a  p r i m a r y  N o e t h e r i a n  r i n g .
Lemma 4 . 2 5 . L e t  R b e  a  D - s i m p l e ,  l o c a l ,  1 - d i m e n s i o n a l  r i n g  
o f  c h a r a c t e r i s t i c  0 ,  R i t s  i n t e g r a l  c l o s u r e .  T h e n ,  R i s  a  
r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g .
P r o o f :  By Lemma 4 . 2 4 ,  we h a v e  R* = S [ [ t ] ]  w h e r e  S i s  a
p r i m a r y  N o e t h e r i a n  r i n g ;  t h e n ,  i f  A i s  t h e  o n l y  p r i m e  i d e a l
o f  S,  A [ [ t ] ]  a n d  A + t S [ [ t ] ]  w i l l  b e  t h e  o n l y  p r i m e  i d e a l s  o f  
R* = S [ [ t ] ] ,  a nd  A[ [ t ] ]  w i l l  b e  t h e  o n l y  p r i m e  d i v i s o r  o f  
( 0 )  i n  R*;  h e n c e ,  b y  [ 7 ,  E x e r c i c e  1,  1 2 2 ] ,  R h a s  o n l y  one
m a x i m a l  i d e a l ,  a n d  t h u s  i s  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g .
T h e o r e m 4 . 2 6 . L e t  R b e  a  D - s i m p l e  N o e t h e r i a n  r i n g  o f
c h a r a c t e r i s t i c  0 a n d  R i t s  i n t e g r a l  c l o s u r e .  Then ,  o v e r
e a c h  minima] ,  p r i m e  i d e a l  P o f  R l i e s  o n e ,  and  o n l y  o ne ,ir
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m i n i m a l  p r i m e  i d e a l  P o f  R. ̂ ir
P r o o f : T h a t  t h e r e  l i e s  one  i s  g i v e n  b y  C o h e n - S e i d e n b e r g 1s
l y i n g  o v e r  t h e o r e m .  Now., l e t  P b e  a n y  m i n i m a l  p r i m e  i d e a l  
o f  R; s i n c e  R i s  s i m p l e ,  t h e r e  e x i s t s  D e s u c h  t h a t  
D(P)  <0 P .  C o n s i d e r  P.pj i t  i s  a  l o c a l ,  1 - d i m e n s i o n a l  D- 
s i m p l e  r i n g ;  h e n c e ,  i t s  i n t e g r a l  c l o s u r e ,  w h i c h  i s  b y
[ 1 4 ,  Lemma, 2 6 9 ] ,  w i l l  b e  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g  
b y  Lemma 4 . 2 5 ,  h e n c e  t h e r e  i s  o n l y  o ne  p r i m e  i d e a l  Q i n  R
w h i c h  i s  s u c h  t h a t  QH ( R \ P )  = 0 ,  h e n c e  t h e r e  i s  o n l y  one
p r i m e  i d e a l  o f  R l y i n g  o v e r  P .  I f  we c a l l  P t h e  p r i m e  
i d e a l  o f  R l y i n g  o v e r  P,  t h e n  P i s  a  m i n i m a l  p r i m e  i d e a l  
o f  R, b e c a u s e  i f  Q i s  a  P r i m e  i d e a l  o f  R s u c h  t h a t
( 0 )  < Q c  p,  t h e n  we h a v e  ( 0 )  < Q, 0 R c  p n R = P, h e n c e
Qn R = p s i n c e  P i s  a  m i n i m a l  p e i m e  i d e a l  o f  R, h e n c e  
Q = P s i n c e  P i s  t h e  o n l y  p r i m e  i d e a l  o f  R l y i n g  o v e r  P.
CHAPTER V 
A 2-DIMENSIONAL, D-SIMPLE RING
Lemma [ 3 . 1 . L e t  K a n d  L "be two  f i e l d s  o f  c h a r a c t e r i s t i c  0 
s u c h  t h a t  K ^  L, D a  d e r i v a t i o n  on  L s u c h  t h a t  D(K) = 0,
7T e L s u c h  ir i s  a l g e b r a i c  o v e r  K. T h e n ,  D(?r) = 0 .
P r o o f : S i n c e  tt i s  a l g e b r a i c  o v e r  K, t h e r e  e x i s t s  a n  i n t e g e r
n  > 0 ,  a nd  some e l e m e n t s  k 0 ^ l , k ^ , . . . , k  e K s u c h  t h a t  
7rn+k-]L7rn - 'l' + . . .-i-k^vn _ 1 -i-. . . + k n = 0 .  C h o os e  n  t o  b e  m i n i m a l .  
D e r i v a t e  b o t h  s i d e s  o f  t h a t  e q u a l i t y  t o  g e t  
mrn _ 1 D( 7r ) + . . . + k i ( n - i ) 7 j n _ i _ 'l'D(7r)+.  . . + k n _-LD(7/) -  0 ,  i . e .  
[mrn _ 1 + .  . . + k 1 ( n - i ) T r n " i " 1+ .  . . +k  -j ]D(i r)  = 0 .  By t h e  c h o i c e  
o f  n ,  t h e  f i r s t  t e r m  i s  /  0,  h e n c e  t h e  s e c o n d  h a s  t o  b e  0,  
i . e .  'D(ir) = 0 .
Th e o r e m 5 . 2 . L e t  K b e  a  f i e l d  o f  c h a r a c t e r i s t i c  0 ,  X a nd  Y 
two  i n d e t e r m i n a t e s  o v e r  K, a n d  c o n s i d e r  t h e  2 - d i m e n s i o n a l  
r i n g  K [ X , Y ] ,  D e f i n e  a  d e r i v a t i o n  D on K[X,Y]  b y  D( k )  = 0 
f o r  e v e r y  k  e K, D(X) = Y, D(Y) = XY-l-1. T h e n ,  K[X,Y]  i s  
a  d i f f e r e n t i a b l y  s i m p l e  r i n g  f o r  t h a t  d e r i v a t i o n  D.
P r o o f : We s h a l l  p r o o v e  t h a t  K[X,Y]  i s  a  D - s i m p l e  r i n g  b y
s h o w i n g  t h a t  i t  h a s  n o  p r i m e  D - i d e a l  a n d  a p p l y i n g  P r o p .  1 . 9 .
L e t  M be  a  m a x i m a l  I d e a l  o f  K[~X, Y] .
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C o n s i d e r  S = K[X,Y] /M,  a n d  t h e  c a n o n i c a l  homomor ph i sm
cp : K[X,Y] K[Xj Y]/M = S .  L e t  X = cp(X) a n d  Y = cp(Y) . S i n c e
K I s  a  f i e l d ,  a n d  M a n  i d e a l  o f  K [ X , Y ] ,  we c e r t a i n l y  h a v e  
KH M = ( 0 ) ,  and  S = K[X,Y] /M = K [ X , Y ] .  Now, s i n c e  M i s  a  
m a x i m a l  i d e a l ,  S i s  a  f i e l d ,  a n d  h e n c e  X a n d  Y a r e  a l g e b r a i c  
o v e r  K.
S u p p o s e  t h a t  M i s  a  D - i d e a l .  T h en ,  b y  P r o p .  1 . 6 ,  we
c a n  d e f i n e  a  d e r i v a t i o n  on S b y  D' (cp‘( z ) )  c p ( D ( z ) ) ,  i . e .
D ' ( k )  = 0 f o r  e v e r y  k  e K, D ’ (X) = Y, D ' ( Y )  = cp(XY+l) .  B u t  
we h a v e  c h e c k e d  t h a t  X a nd  Y w e r e  a l g e b r a i c  o v e r  K, h e n c e  
b y  Lemma 5 . 1 ,  we n e e d  t o  h a v e  D ' ( X )  = 0 = D ' ( Y ) ,  i . e .  we
n e e d  t o  h a v e  Y e M a nd  XY-i-1 e M, i . e . we n e e d  t o  h a v e  1 e M,
w h i c h  i s  a b s u r d .  H e n ce ,  Mis  n o t  a  D - i d e a l .
L e t  Q b e  a  m i n i m a l  p r i m e  i d e a l  o f  K [ X , Y ] .
S i n c e  K[X,Y]  i s  a  u n i q u e  f a c t o r i z a t i o n  d o ma i n ,  we h a v e  
Q = ( f ( X , Y ) )  w h e r e  f ( X , Y )  i s  an  i r r e d u c i b l e  p o l y n o m i a l  o f  
K [ X , Y ] .
a )  I f  f ( X , Y )  e K[X] :  We c a n  w r i t e
f ( X , Y )  = a.Q+a^X+. . . + a k Xk+ .  . , + a n Xn w i t h  n > 1,  a n /  0 ,  a ^  e K
f o r  e v e r y  k  = 0 , 1 ,  . . . , n .  D e r i v a t e  b o t h  s i d e s  t o  g e t
D ( f ( X , Y ) ) -  a 1D ( X ) + . . . + k a kXk - 1 D ( X ) + . . . + n a n Xn _ 1 D(X) =
a , Y + .  . ,+ka.  Xk _ 1 Y+. , + n a  Xn - 1 Y = Y [ a ,  + . .+ka ,  X1̂ " 1^ .  , + n a  X51" 1 ] .1 k  n  L 1 k. n J
The  t e r m  Y d o e s  n o t  b e l o n g  t o  ( f ( X , Y ) ) ,  n o r  d o e s  t h e  t e r m
r a ,  + . .-l-ka, Xk ~-L+ .  , + n a  Xn ~^l  b e c a u s e  i t s  d e g r e e  i s  s m a l l e r  1 k n J °
t h a n  t h e  d e g r e e  o f  f ( X , Y ) ;  t h e n ,  s i n c e  ( f ( X , Y ) )  i s  a  p r i m e  
i d e a l ,  t h e  p r o d u c t  o f  t h o s e  two t e r m s  w i l l  n o t  b e l o n d  t o  t h e
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i d e a l  e i t h e r ,  i . e .  t h a t  D ( f ( X , Y ) )  /  ( f ( X , Y ) ) .
b ) I f  f ( X , Y )  /  K [ Y ] : We c a n  w r i t e
f ( X , Y )  = g 0 (X)Ym+ .  . . + g i (X)Ym-:L+ .  . . + g m(X) w i t h  g . ( X )  e K[X] 
f o r  e v e r y  i  = 0 , 1 , . . . ,  m, Sq (^)  /- 0 ,  m > 1 .  By a n  e a s y  
c o m p u t a t i o n  a l r e a d y  d one  i n  a ) ,  we h a v e  D ( g ^ ( X ) )  = Yh^(X) 
w h e r e  h ^ ( X )  = t h e  d e r i v a t i v e  o f  g ^ ( X )  w i t h  r e s p e c t  t o  X, 
h e n c e  d e g r e e  h.. (X) = [ d e g r e e  g ^ ( X ) ] - l  i f  gj_(X) /  K, a nd
h i (X) = 0 i f  g i (X) e K.
Then  we h a v e  f ( X , Y )  = X ( g^  (X) Ym ^' ),  h e n c e
D ( f ( X , Y ) )  = Xi "10 [ g i ( X ) ( m - i ) Y m" 1 “ 1D(Y) + Ym" i D ( g . ( X )  ] =
S i ^ 0 [ g i ( X ) ( m - i ) Y m- 1 - 1 (XYh-1 ) + Ym“ i Yhi ( X) ] =
S i™0[Xgi ( X) ( m - i ) Y m” 1 + g i (X) ( m - i ) Y m" i " 1 + h i (X)Ym" 1'h l ] > i . e .
( a )  D ( f ( X , Y ) )  = h 0 (X)Ym+1
+ [Xg0 (X)ra-|- h 1 (X) ] Ym
+ [ X g l ( X ) (m - 1)  + g Q( X ) m + h 2 ( X ) ]Ym' 1
 ̂ ;----------------
+ [Xg i (X) ( m - i )  + g i _ 1 (X) ( m - i + l ) + h i + 1 (X) lY1" " 1 
+ ------------------------------------------
+ [ g m- i ( X) 1
S u p p o s e  t h a t  D ( f ( X , Y ) )  e ( f ( X , Y ) ) ,  i . e .  t h a t  t h e r e  e x i s t s  
P( X, Y)  e K[X,Y]  s u c h  t h a t  D ( f ( X , Y ) )  = f ( X , Y ) P ( X , Y ) . I f  
g Q(X) /  K, t h e n [ d e g r e e  h Q( X) ]  < [ d e g r e e  g Q( X ) ] ;  t h e n ,  t h e  
e q u a l i t y  D ( f ( X , Y ) )  = f ( X , Y ) P ( X , Y )  c a n  b e  w r i t t e n  a s  
[ h 0 (X)Ym+1+ . . . ]  = [ g 0 (X)Ym+ . . . ] [ P ( X , Y ) ] ,  a n d  i f  P( X, Y)  i s  
a l s o  w r i t t e n  a s  a  p o l y n o m i a l  i n  Y w i t h  c o e f f i c i e n t s  i n  K[X] ,  
we g e t  t h a t  i t s  t e r m  o f  h i g h e s t  d e g r e e  h a s  t o  b e  o f  d e g r e e  1 
a n d  o f  c o e f f i c i e n t  Uq(X) s u c h  t h a t  11q(X)  = g Q( X) u Q( X) ;  b u t
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t h i s  i s  i m p o s s i b l e  s i n c e  [ d e g r e e  11q ( X ) ]  < [ d e g r e e  g ^ X ) ] .  
H e n c e ,  f r o m  now on ,  we c a n  a s s u m e  t h a t  g ^ ( X)  e K \ { 0 } ,  o r  
e v e n  b e t t e r  t h a t  g Q(X) = 1,  i . e .  t h a t
f ( X , Y )  = Ym+ g 1 (X)Ym V .  . . + g i (X)Ym_i + .  . . +g m( X ) ; o f  c o u r s e  now 
we h a v e  h Q(X) = 0 .  By t h e  r e l a t i o n  (ct ) ,  t h e  h i g h e s t  d e g r e e  
t e r m  o f  D ( f ( X , Y )  i s  now [ X m + h ^ X )  ]Ym; t h e  h i g h e s t  d e g r e e  
t e r m  i n  Y o f  f ( X , Y )  i s  Ym, h e n c e  P( X, Y)  h a s  t o  b e  e q u a l  t o  
Xm+h ^( X) . H e n c e ,  we g e t
(P)  D ( f ( X , Y ) ) = f ( X , Y ) [ X m + h 1 ( X ) ] .
L e t  u s  w r i t e  f  (X, Y) [Xm+h-^(X) ] e x p l i c i t e l y ;  we h a v e  
f ( X , Y ) [ X m + h 1 ( X ) ] = [Xm+h1 (X)]Y™
+[Xm+h1 ( X ) ] g 1 (X)Ym_1 
4------------------
+[Xm+h1 ( X ) ] g . ( X ) Y m~1
+ -----------------
+[Xm+h1 ( X ) ] g m( X ) .
I d e n t i f y i n g  t e r m  b y  t e r m  t h i s  e x p r e s s i o n  w i t h  t h e  e x p r e s s i o n
( a )  i n  w h i c h  we u s e  o u r  p r e s e n t  c o n d i t i o n s  o f  gQ(X) = 1 and  
11q(X)  = 0 ,  we g e t  t h e  f o l l o w i n g  i d e n d i t i e s :
(1) m + h2(X) = g1(X)[h1(X)+X]
(2 )  g;L( X ) ( m - l )  + h 3 (X) = g 2 ( X ) [ h 1 (X)-h2X]
( i - 1 )  • g i _2 (X) ( m - i + 2 )  -i-hi (X) = g i _ 1 ( X ) [ h 1 (X) + ( i - l ) X ]
( i )  S i _ 1 ( x ) (m-i-t-1) f  h i + 1 (X) = g i ( X ) [ h 1 (X) + iX]
( M - l )  g i (X) ( m - i )  + h i + 2 (X) -  g i + 1 (X) [ h 1 (X) + ( i + l ) X ]
85
( m" 1 ) Sm_2 (X )2  + h m(X) gm - l W [ h i ( x ) + ( m" 1 ) x l 
gm(X)thl (X) +mX̂
I n  t h e  f o l l o w i n g *  we s h a l l  s o m e t i m e s  w r i t e  b m+;]_(x ) anc^
exampl e^  t h e  r e l a t i o n  (m) w i l l  s o m e t i m e s  h e  w r i t t e n  u n d e r
t h e  fo r m:  S ^ q W  + h m+:L( x ) = gm( x ) [ h q ( x ) + niX] •
I f  gm(X) = 0;  we h a v e  f ( X ; Y )  = Ym-i-g1 (X) Ym- 1-l-. . +Sm_p ( X) Y; 
a n d  f ( X ; Y )  i r r e d u c i b l e  i n  K [X; Y] ;  h e n c e ;  f ( X , Y )  = Y,  and  
D ( f ( X ; Y ) )  = D(Y) = XY+1 /  (Y) = ( f ( X ; Y ) ) ,  w h i c h  i s  a
c o n t r a d i c t i o n  w i t h  o u r  s u p p o s i t i o n .  H e nc e ;  now we c a n  
a s s u m e  t h a t  gm( x ) i s  ^  0 .
Cas e  1 : I f  h-^(X)-i-iX i s  ^  0 f o r  e v e r y  i  = 1 , 2 ; . .  . . ; m ,  
t h e  r e l a t i o n  (m) g i v e s  t h a t  [ d e g r e e  gm_ q ( x ) l  >
[ d e g r e e  g ( X ) ] ;  h e n c e  t h a t  e i t h e r  [ d e g r e e  gm_ q ( x ) ]  >
[ d e g r e e  h m( X ) ] = [ d e g r e e  gm( X ) ] - l ;  o r  gm(X) e K and  h m(X) -  0 .  
I n  b o t h  c a s e s ,  b y  t h e  r e l a t i o n  ( m - 1 ) ;  we g e t  t h a t  
[ d e g r e e  gm_ 2 ( x ) l  > [ d e g r e e  gm_ 1 ( x ) l -  BY i n d u c t i o n ;  s u p p o s e  
t h a t  [ d e g r e e  S i + 1 (X) ] > [ d e g r e e  g i + 2 (X) 1 •> t h e r H b Y t h e  
r e l a t i o n  ( i l l )  we g e t  t h a t  [ d e g r e e  g i ( X) ]  > [ d e g r e e  £j_+ q ( x ) ] -  
He nce ;  b y  u s i n g  t h e  r e l a t i o n s  ( m ) , ( m - 1 ) ; . . . ; ( 2 ) ;  we g e t
( ? )  [ d e g r e e  g 1 ( X ) ]  > [ d e g .  g 2 ( X ) ]  > . . . >  [ d e g .  g m( X ) ] .
that m+h2(X) = g1(X)[h1(X)+X]. I f  [deg. g 1 ( X ) ] > 1,  then 
[deg. h 2 (X)]  > [deg. g 1 ( X) ]  > 1,  hence [deg. g 2 (X)]  is 
s tr ict ly bigger than [deg. gq(X)]; which is a contradiction 
with (5). I f  [deg. g-L(X) = 0 ] ;  i .e .  that gq(X) = k  e K; then
(X) ;  t h e y  a r e  b o t h  d e f i n e d  t o  b e  e q u a l  t o  0 ;  h e n c e ;  f o r
-  I f  m > 2 ;  c o n s i d e r  t h e  r e l a t i o n  ( l )  w h i c h  s a y s
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h  (X) = 0,  m+h2 (X) = kX, h e n c e  [ d e g .  g 2 ( X) ]  > 1 >
[ d e g .  g q ( X ) ] ,  w h i c h  i s  a l s o  a  c o n t r a d i c t i o n  w i t h  ( § ) .
-  I f  m = 1 ; t h e n  f ( X , Y )  Y+g- ^X) ,  D ( f ( X , Y ) )  =
( XY+l )+Yh1 (X) = Y[X+hq ( X ) ] + l . On t h e  o t h e r  hand, ,  b y  (g )  we
a l s o  h a v e  D ( f ( X , Y ) )  = [ Y+g-^X) ] [X+h-^X)  ] ,  h e n c e  we g e t  t h a t
1 = g q ( X ) [ X + h q ( X ) ] ,  w h i c h  i s  a n  i m p o s s i b l e  e q u a l i t y  f o r  when
[ d e g .  g]_(X) ] = 0,  t h e n  h q (X) = 0,  a nd  [ d e g  . ■ X-l-h-^X) ] = 1.
C a s e  2 : I f  h q (X)+qX = 0 f o r  some i n t e g e r  q s u c h  t h a t
1 < q < m, t h e n  h q (X) = - qX.  I f  q < m, t h e  r e l a t i o n  (m)
g i v e s  u s  6m_ 1 (X) = g m( x ) [h-, (X)+mX] = g m(X) [ (m-q)  X ] , h e n c e
[ d e g .  g m_]_(x ) ]  = [ d e g .  gm(X)]  + l .  By I n d u c t i o n ,  s u p p o s e
q < j  a n d  [ d e g .  g . ( X ) ]  = [ d e g .  g.. , (X) ]-l-l, a nd  c o n s i d e r  t h e
r e l a t i o n  ( j )  t o  g e t  g j. _ 1 (X) (m~ j + l ) + h j + 1 (X) = g^ (X) [ ( j - q ) X ]  j
b u t  w i t h  o u r  h y p o t h e s i s  we h a v e  [ d e g .  g ^ - ^ X ) ]  <
[ d e g .  g j ( X ) ] ,  h e n c e  a l s o  [ d e g .  h j + 1 ( X ) ] < [ d e g .  g ^ ( X ) ] ,  so
t h a t  we g e t  [ d e g .  g .  - . (X)]  -  [ d e g .  g . ( X ) ] - l - l .  h e n c e  we h a v e
J “ -L J
( 6 )  [ d e g .  g q (X) ]  = [ d e g .  g q.,.1 ( x ) ]  + 1 = . . .  =
[ d e g .  Sq + k ( X ) ] + k  = . . .  = [ d e g .  gm(X) j-i-(m-k) 
S i n c e  h q (X) = -qX,  we a l s o  h a v e  g-j (X) = -  ( q / 2 )  X̂ -[-C
w i t h  C e K. By i n d u c t i o n ,  s u p p o s e  t h a t  j  < q a nd  t h a t  f o r
e v e r y  k < j  we h a v e
e k (X) = ( [  ( - q )  ( 1 - q )  ( 2 - q ) . .  { ( k - l ) - q ) ] / [  2 ( 4 )  ( 6 ) . .  ( 2 K ) ] ] X ?k
t h e n  c o n s i d e r  t h e  r e l a t i o n  ( j ) :  g_.  ̂ (X) (rn-j-l-I) -i-h^+ j (X) =
g . ( X ) [ h  (X) + jjX] = g • ( X) ( j  - q ) X j g .  (X) h a s  a  d e g r e e  e q u a l  t oJ  -1- J  <J
2 j - 2  b y  h y p o t h e s i s ,  h e n c e ,  c o n s i d e r i n g  a l s o  t h e  h y p o t h e s i s
made  on g_. (X) ,  we g e t  t h a t
J
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h j + l ( X) = C [ ( - q )  ( l - q )  - . ( J-q. )  ] / [ 2 ( 4 )  . . ( 2 j  ) ] }x2j '+1 -l-. . .  ̂ h e n c e
g j + i ( x ) = f [ ( - q ) ( q - q )  • - ( j - q )  ] / [ 2 ( 4 ) . .  ( 2 j ) ( 23+ 2 ) ] }x2j’+2+ . .
h e n c e ,  we h a v e  o b t a i n e d  t h a t
( e )  g j ( X )  = {[ ( - q )  ( 1 - q )  . . ( ( j - l ) - q )  ] / [ 2 ( 4 )  . . ( 2 j )  ] ]X2j’+ .  . . 
f o r  e v e r y  j  s u c h  t h a t  1 < j  < q .
-  I f  q = m > 1,  we h a v e  b y  r e l a t i o n  (m)
g ^ (X)  = Sm( x ) [h-^(X)+mX] = 0,  w h i l e  b y  t h e  r e l a t i o n  ( e )  we
O w i  Q
h a v e  Sm_ q ( x ) = aX 4- . . .  w i t h  a /  0;  h e n c e ,  we g e t  2m-2 = 0,  
w h i c h  i s  a  c o n t r a d i c t i o n  w i t h  t h e  h y p o t h e s i s  rn > 1 .
-  I f  q = m = 1,  we h a v e  f ( X , Y )  = Y+g^( X) ,  h e n c e  
D ( f ( X , Y ) )  = (XY+l )+Yh1 (X) -  Y[X+h1 (X) ]-l-l = 1 /  ( f ( X , Y ) ) .
-  I f  2 < q < m-1 ,  c o n s i d e r  t h e  r e l a t i o n  ( q )  t o  g e t
Sq _ i ( x ) ( m- q _ 1 ) + h q + i ( x ) = g q ( X ) [ h 1 (X)+qX] = 0,  h e n c e
h q + l ( X) = - ( m- q “ 1 ) g q _ 1 ( x ) =
- ( m - q - l ) ( [ ( - q ) ( 1 - q ) . . ( ( ( q - l ) ~ l ) - q ) ] / [ 2 ( 4 ) . . 2 ( q - l ) ] )X2 ^q _ 1 ^ + . . 
- ( m - q - 1 ) { [ ( - q ) ( 1 - q ) . . ( - 2 ) ] / [  2 ( 4 )  . . ( 2 q - 2 ) ] }X2 q “ 2+ .  . . b y  t h e  
r e l a t i o n  ( e ) ;  t h e n  i n t e g r a t i n g ,  we h a v e  g qf_q(x ) =
- ( m - q - 1 ) { [ ( - q ) ( 1 - q ) . . ( - 2 ) ] / [  2 ( 4 ) . . ( 2 q - 2 ) } [ l / ( 2 q - l ) ] X 2q_1+ . . .  
U s i n g  t h e  r e l a t i o n  ( e )  a g a i n ,  we a l s o  h a v e  g ( X ) ( m - q )  =
C[ (~q)  (-"L-q) • • ( - ! )  ] / [ 2 ( 4 )  . .  ( 2 q )  ]} ( m - q ) X 2q+ --------  T h en ,  t h e
c o e f f i c i e n t  o f  t h e  h i g h e s t  d e g r e e  t e r m  o f  x Sq ^ q ( x ) i-s n o ’t
e q u a l  t o  t h e  c o e f f i c i e n t  o f  t h e  h i g h e s t  d e g r e e  t e r m  o f
g ( X ) ( m - q ) ,  b e c a u s e  i f  i t  w e r e ,  we w o u l d  h a v e
( - 1 )  ( r n - q - i - l ) / ( 2 q - l )  = ( - 1 )  ( m - q ) / (  2 q ) , h e n c e  -m ^ q,  w h i c h  i s
a b s u r d .  Now c o n s i d e r  t h e  r e l a t i o n  ( q + 1 ) ;  we g e t
g q ( x ) (m-q)  -i-hq ! 2 (X) -  g q ^ ( X )  [ h 1 (X) + (q-M)X]  = Xgq + 1 ( X) ,
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w h e r e  g ( X ) ( m - q )  a n d  Xg , (X) h a v e  a  h i g h e s t  d e g r e e  t e r m  o f  q q+ .L
d e g r e e  e q u a l  t o  2q ,  b u t ,  a s  i t  h a s  j u s t  b e e n  checked , ,  o f  
c o e f f i c i e n t  n o t  e q u a l ;  h e n c e ,  we n e e d  t o  h a v e  
[ d e g .  h q | 2 ( X) ]  “  * Bu_i: a b s u r d ,  b e c a u s e  i f
q = rn-1,  we h a v e  q+2 = m+1 a n d  h e n c e  h ^ | 2 (X) = 0 b y  d e f i ­
n i t i o n ,  a nd  i f  q i s  < t h a n  m-1 ,  we h a v e  [ d e g .  Sq+ 2 ( x ) 1 = 
[ d e g .  g ( X ) ] - 2  b y  r e l a t i o n  ( 6 ) ,  h e n c e  e q u a l  t o  2 q - 2  b y  
r e l a t i o n  ( e ) ,  h e n c e  d e g r e e  o f  h q | 2 ( x ) 2cl~3  o r  0,  b u t  i n
a n y  c a s e  d i f f e r e n t  f r o m  2 q . a l s o .
- I f  1 = q a n d  m > 2,  t h e n  h q ( X )  = -X,  a nd  
gq(X)  = -  ( l / 2 ) X 2-i-C w i t h  C e K. By t h e  r e l a t i o n  ( 1 )  we h a v e  
m + h 2 (X) = g q ( X) [ hq(X)-f-X] = 0 ,  h e n c e  h 2 (X) = -m a nd  
g 2 (X) = -mX+C1 . C o n s i d e r  t h e  r e l a t i o n  ( 2 ) :  
g q ( X )  (m-1)  + h ^ ( X )  = g 2 (X) [ hq( X) - l - 2X] , a n d  s u b s t i t u t e  t h e  
v a l u e s  o f  g q ( X ) ,  g 2 (X) a n d  h q ( X )  a l r e a d y  c a l c u l a t e d  t o  g e t  
[ - ( 1 / 2 ) X 2+ C ] ( m - 1 )  + h 3 (X) -  ( -mX+C1) X, h e n c e  h ^ ( X )  =
[ [ ( m - l ) / 2 ] - m ) X 2 + C ' X - C ( m - 1 ) ,  h e n c e  t h e  c o e f f i c i e n t  o f  t h e
O
t e r m  i n  X o f  h ^ ( X)  i s  /  0 ,  w h i c h  i s  a b s u r d  b e c a u s e  i f  m -  2
we h a v e  h ^ ( X )  = 0 b y  d e f i n i t i o n ,  a nd  i f  m > 3 ; t h e n
[ d e g .  g ^ ( X ) ] = [ d e g .  g q ( X ) ] - 2  b y  r e l a t i o n  ( § ) ,  h e n c e  i s  
e q u a l  t o  0 s i n c e  g 2 (X) h a s  d e g r r e  2,  a nd  h e n c e  h ^ ( X)  = 0 .
T h u s ,  we h a v e  shown t h a t  i n  a n y  c a s e  t h e  s u p p o s i t i o n
D ( f ( X , Y ) )  e ( f ( X , Y ) )  was a b s u r d ,  i . e .  t h a t  t h e  s u p p o s i t i o n  
D(Q) c  Q i s  a b s u r d .  H en ce ,  Q i s  n o t  a  D - i d e a l .
P r o p o s i t i o n  5 . 3 . b e t  R b e  a  r i n g ,  X an i n d e t e r m i n a t e  o v e r
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R, D a  d e r i v a t i o n  on R[X]  . D e f i n e  d : R -» R i n  t h e  
f o l l o w i n g  way:  i f  z e R ^  R[X] a n d  D ( z )  = a^-i-a^XR. . . + a n Xn , 
s e t  d ( z )  = a ^ . T h e n ,  d i s  a  d e r i v a t i o n  on R.
P r o o f : L e t  z a nd  y  h e  a n y  two  e l e m e n t s  o f  R, a nd  s u p p o s e
t h a t  D ( z )  = aQ+a^Xn-. . , + an Xn  a n d  D( y )  = b Q+b^ X+. . . ^b^X^-  t h e n  
b y  d e f i n i t i o n ,  we h a v e  d ( z )  = a ^  a nd  d ( y )  = b Q . Now, we 
h a v e  D( z+ y )  = D ( z )  +D( y )  = ( a ^ b ^ ) - ! - ( a-^-l-b^)X+ . . . ,  h e n c e ,  
d ( z + y )  = a ^ + b ^  = d ( z )  - f d ( y ) .  I n  t h e  same way,  we a l s o  h a v e  
D ( z y )  = z D ( y ) + y D ( z )  =(  z b 0+ y a 0 ) + (  z b ;[+ y a 1 )X+ . . . ,  h e n c e ,  
d ( z y )  = ( zh Q+ y a ^)  = z d ( y ) + y d ( z ) .  H e n ce ,  d. i s  a  d e r i v a t i o n  
on. R
P r o p o s i t i o n  9 . 4 . L e t  R b e  a  r i n g ,  X an  i n d e t e r m i n a t e  o v e r  
R, D a  d e r i v a t i o n  on  R[X] f o r  w h i c h  R[X]  i s  D - s i m p l e .  I f  D 
i s  r e g u l a r  on R, t h e n  R i s  D - s i m p l e ,  a n d  o b v i o u s l y ,  t h e  
r e s t r i c t i o n  o f  D t o  R t o  t h e  d e r i v a t i o n  d a s  d e f i n e d  i n  t h e  
P r o p o s i t i o n  5 . 3 .
P r o o f : I f  I  i s  a  D - i d e a l  o f  R s u c h  t h a t  (0 )  < I  < R, t h e n
I [ X ]  = I R[X]  i s  a  D - i d e a l  o f  R[X] s u c h  t h a t  ( 0 )  < I [ X ]  < R [ X ] .
P r o p o s i t i o n  5 » 5 - I t  i s  p o s s i b l e  t o  h a v e  R[X]  D - s i m p l e  f o r  a  
c e r t a i n  d e r i v a t i o n  D, a nd  R n o t  d - s i m p l e  f o r  t h e  d e r i v a t i o n  
d d e f i n e d  a s  i n  P r o p o s i t i o n  5*3-
E x a m p l e : L e t  K b e  a  f i e l d  o f  c h a r a c t e r i s t i c  0,  a nd  c o n s i d e r
t h e  r i n g  ( K [ Y ] ) [ X ] ;  b y  Te o r e m  9 . 2 ,  i t  i s  D - s i m p l e  f o r  t h e  
d e r i v a t i o n  D d e f i n e d  b y  D(k)  -- 0 V k e K, D(Y) = X, D(X) -
XY+1, b u t  i n  t h i s  c a s e  d = 0 ,  a nd  K[Y] i s  n o t  d - s i m p l e .
CHAPTER VI
STUDY OF DIFFERENTIAL SIMPLICITY IN SOME PARTICULAR RINGS
P r o p o s i t i o n  6 . 1 . L e t  R b e  a  D - s i m p l e  v a l u a t i o n  r i n g .  Then  
R i s  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g  c o n t a i n i n g  t h e  
r a t i o n a l  n u m b e r s .
P r o o f : S i n c e  R i s  a  D - s i m p l e  d o ma i n ,  n o t  a  f i e l d ,  i t  h a s  t o
b e  o f  c h a r a c t e r i s t i c  0 a nd  c o n t a i n  t h e  r a t i o n a l  n u m b e r s  b y  
P r o p .  1 . 1 2 .  A l s o ,  b y  C o n s e q u e n c e  1 . 3j we n e e d  t o  h a v e  
^ n~QAn = (0)  f o r  e v e r y  i d e a ] ,  A < R, h e n c e  R n e e d  t o  b e  a  
r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g .
Lemma 6 . 2 . L e t  R b e  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g  
c o n t a i n i n g  a  f i e l d ,  h a v i n g  M f o r  m a x i m a l  i d e a l .  L e t  R* b e  
t h e  c o m p l e t i o n  o f  R w i t h  t h e  M - a d i c  t o p o l o g y .  T h e n ,  t h e r e  
e x i s t s  a  f i e l d  K s u c h  t h a t  R* = K [ [ X ] ]  f o r  some X e R * .
P r o o f : S i n c e  R i s  l o c a l ,  1 - d i m e n s i o n a l ,  R* i s  a l s o  l o c a l ,
1 - d i m e n s i o n a l  b y  [ 7 , ( 1 7 . 5 ) ,  5 5 ] a n d  [ 7 , ( 1 7 - 1 2 ) ,  5 7 ] .
S i n c e  R i s  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g ,  R i s  a  r e g u l a r  
l o c a l  r i n g ,  h e n c e  R* i s  an  i n t e g r a l l y  c l o s e d  do ma in  by  
[ 1 5 ,  C o r .  1,  3 0 2 ] .  B e e i n g  l o c a l ,  1 - d i m e n s i o n a l ,  i n t e g r a l l y  
c l o s e d ,  R* i s  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g ;  f u r t h e r m o r e ,  
s i n c e  i t  i s  c o m p l e t e  a n d  c o n t a i n s  a  f i e l d ,  R* i s  a  c o m p l e t e ,  
e q u i c h a r a c t e r i s t i c ,  r e g u l a r  l o c a l ,  r i n g ,  and h e n c e ,  b y  
[ 1 5 ,  C o r . ,  3 0 7 ] j t h e r e  e x i s t s  a  f i e l d  K, and  an  e l e m e n t  X
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o f  R* s u c h  t h a t  R* = K [ [ X ] ] .
P r o p o s i t i o n  6 . 3 - E v e r y  c o m p l e t e  r a n k  1 d i s c r e t e  v a l u a t i o n  
r i n g  R c o n t a i n i n g  t h e  r a t i o n a l  n u m b e r s  i s  d i f f e r e n t i a b l y  
s i m p l e  f o r  some d e r i v a t i o n  D.
P r o o f : By lemma 6 . 2 , we h a v e  R = K [ [ X ] ]  f o r  some f i e l d  K
a n d  some e l e m e n t  X t r a n s c e n d e n t a l  o v e r  K. Then ,  i f  we t a k e  
D t o  b e  d e f i n e d  b y  D(k)  = 0 f o r  e v e r y  k e K a n d  D(X) = 1,
R i s  D - s i m p l e  s i n c e  XK[[X] ]  i s  t h e  o n l y  p r i m e  i d e a l  o f  
K [ [ X ] ] and  D(X) = 1 /  X K [ [ X ] ] .
P r o p o s i t i o n  6 . 4 . T h e r e  a r e  some r a n k  1 d i s c r e t e  v a l u a t i o n  
r i n g s  w h i c h  a r e  D - s i m p l e  and  n o t  c o m p l e t e .
E x a m p l e : T a ke  R = Q[ Y] ^y ) w î e r e  Q I s t h e  f i e l d  o f  r a t i o n a l
n u m b e r s  and  Y an i n d e t e r m i n a t e  o v e r  Q. D e f i n e  a  d e r i v a t i o n  
D on Q[Y] b y  D(q)  = 0 f o r  e v e r y  q e Q a nd  D(Y) = 1;  t h a t  
d e r i v a t i o n  c a n  b e  e x t e n d e d  t o  a  d e r i v a t i o n  on R = Q [ Y ] ^ Y) "by 
P r o p .  1 . 1 5 ;  R i s  D - s i m p l e  s i n c e  Y i s  a  g e n e r a t o r  o f  t h e  
u n i q u e  p r i m e  i d e a l  o f  R a n d  s i n c e  D(Y) = 1;  R i s  o b v i o u s l y  
n o t  c o m p l e t e .
We a l r e a d y  know t h a t  i f  we t a k e  a  r a n k  1 d i s c r e t e  
v a l u a t i o n  r i n g  R w h i c h  d o e s  n o t  c o n t a i n  t h e  r a t i o n a l  n u mb e r s  
( l i k e  o r  t h e  p - a d i c  i n t e g e r s  f o r  e x a m p l e ) ,  t h e n  R i s
n o t  D - s i m p l e  f o r  a n y  d e r i v a t i o n  D. Now, we a r e  g o i n g  t o  
show t h a t  t h e r e  a r e  some r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g s  
w h i c h  c o n t a i n  t h e  r a t i o n a l  n u m b e r s  and w h i c h  a r e  n o t
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d i f f e r e n t i a b l y  s i m p l e  f o r  a n y  d e r i v a t i o n  D.
Lemma 6 . 5 . L e t  Q b e  t h e  r a t i o n a l  n u m b e r s ,  Y an  i n d e t e r m i n a t e
n *
o v e r  Q. T a ke  v  = a^-a^Y-i - . . -+a n Y ' + . . .  w i t h  a n e Q\{0}  f o r
n * — 1e v e r y  n  > 0 .  S e t  t t 1 = a-^-i-. . . + n J a n Y ‘ + . . . . Then ,
tt' i  Q(Yj.Tr) t h e  q u o t i e n t  f i e l d  o f  Q [ Y , t i ] .
P r o o f : S u p p o s e  t h a t  it' e Q(Y, i r ) .  T h en ,  t h e r e  e x i s t s
g (  Y, tt) and  f ( Y , i r )  b e l o n g i n g  t o  Q[Y, t t ]  s u c h  t h a t  g(Y,Tr)Tr'  = 
f  ( Y, m) . S e t  g(  Y, tt) = g Q( Y ) + g 1 ( Y) 7r-h . . . +gm(Y) um and  
f  ( Y, 7r ) = f 0 (Y) + f 1 (Y)Tr+. . .-l-fk ( Y ) 7rk w i t h  g . ( Y ) ,  f ^ Y )  e Q[Y] 
f o r  e v e r y  i  = 0 ,  . . . , m ,  e v e r y  j  = 0 , . . . , k ,  gm(Y) -/ 0,  
f j^(Y) /- 0 .  So we h a v e
( 1 )  [ g 0 ( Y ) + . .  . +g m(Y),rn,] , r '  = f Q ( Y)-l-. . . + f R ( Y)irk
F o r  i = 0 , 1 ,  . . ,  k  s e t  f . ( Y) -  Yv w i t h  3 .  e Q f o rX v— X̂  V Xj V
e v e r y  v,  a nd  ' /  ° -
F o r  j  -  0 , 1 ,  . . , m  s e t  g . ( Y )  = . YU w i t h  6 e Q f o r
J  U —U J i  u. J  ;  ^
e v e r y  u ,  a nd  ^  ° -
S e t  c = sup  ( s u p  [ d e g .  f . ( Y ) ] ,  sup  [ d e g .  g . ( Y ) ] ) .
i  L J J (
T a k e  n  > mi-k+c+2.  We h a v e  ir -  a Q+ . . • + a n _]_Y'n  ^ ' ‘+Yn ' h^  ( Y) 
w i t h  h 1 (Y) e Q [ [ Y ] ] .  F o r  0 < i  < k ,  we h a v e  
i ( n - l ) ! < k ( n - l ) ! < n ! - l ,  h e n c e
t t 1  = aj+. . . + a ^ _ 1 Y1 ^n “ 1  ̂ !+Yn ! - 1h i (Y) w i t h  h ^ Y )  e Q [ [ Y ] ] .  We 
a l s o  h a v e  r ( i ) + i ( n - l ) l  < c + i ( n - l ) !  < ( n - 2 ) + ( n - 2 ) ( n - 1 ) ! < n ! - 2 ,  
h e n c e  f g Y j w 1 =, ( P 1 ; 0 + • • . + P 1; r (  1 ) Yr ( l >) (aj+. . .
* ‘’han  l Y" ^ n  ^  " tY11 ’ """'"hcj ( Y)) c a n  b e  w r i t t e n  a s
( 2 )  f i (Y) i r1 = • • . + ? i 3 r ( i ) a J1_ 1Yr ( l )  + l ( n “ l )  ! + Yn ! " 1h.[(Y)
w i t h  hJ_(Y) e Q,[ [ Y] ] .
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Now, f o r  0 < i  < i 1 < k ,  we h a v e  r ( i ) + i ( n - l ) ! <
c + i ( n - l ) ! < ( n - l ) + i ( n - l ) I  < ( i + l ) ( n - l ) i  < r ( i ' ) + i ' ( n - 1 ) !,
h e n c e
( 3 )  r ( i ) + i ( n - l ) !  < r ( i  ' )-i-i 1 ( n - 1 )  ! f o r  0 < i  < i 1 < k .
U s i n g  ( 2 )  a nd  ( 3 ) ,  we g e t  t h a t
(f | ) f ( Y , i r )  = f 0 (Y) + f-L(Y)i r+.  . Y)irk
= ’ • •+ ( \ ) r ( k ) a n - l ) Y r ( k ) + k ( n " 1)  k Y H ^ k t Y )
w i t h  h ( Y)  e Q [ [ Y ] ] ,  r ( k ) + k ( n - l ) !  < n ! - 2  ,
and  <Sk , r ( k ) a n - l )  *  ° ‘
D o i n g  f o r  g(Y,  ir) t h e  same t h i n g  we d i d  f o r  f ( Y ,  i r ) ,  we g e t
s ( ra)v 1 ) ^ (m)+,,,(n' 1 ) : ^ !^ ( Y)
q(Y)  e Q [ [ Y ] ] ,  s ( m ) + m ( n - l ) !  < n I - 2 ,  ( 5 s ( m) % - ! )  /  ° -  T h e n >
N , r m w s ( m ) + m ( n - l )  ! , , n j - l  / „ \ 1r
s t Y , , ) ^ 1 = [ • • ■ + ( % ,  ? ( m) a n - l ) J  1 +Y q ( Y ) ] [ a 1 + . . .
. . , + ( n - l ) ! a n _ 1Yf n _ 1 ) : " L+Yn : _ 1 p ( Y ) ] w i t h  p ( Y )  € Q [ [ Y ] ] ,  a nd
s i n c e  [ s (m)-l -m(n- l )  ! ] + [ ( n - 1 )  ! — 1 ] = [ s ( m) - 1  ]-l-(m+1) ( n - 1 ) ! <
c-h(rn-i-1) ( n - 1 )  ! < n l - l  , we g e t
f  \ y , r / -l \ i m + l 1„s ( r n) - ] . + (m+l )  ( n - 1 )  I r( 5 )  g (  Y, ir)ir ’ = • • •  + [ ( n - l ) ! 5 m j S ( m ) a n _-L]Y ^  v M > +
Yn I _ 1 t ( Y )  w i t h  t ( Y) e Q [ [ Y ] ] ,
s ( m ) ~ l + ( m + l ) ( n - 1 ) ! < n ! ~ l  , and
( n - 1 )  !6 , , a m+^ J O .K ' m , s ( m )  n - 1  >
Now, s i n c e  b y  (1 )  we h a v e  f ( Y , i r )  = g (  Y, i r ) i r ' ,  we c o m p ar e  t h e  
f o r m u l a s  (^!) a nd  ( 5 ) t o  g e t
( 6 )  s (m)  ~l+(m-hl )  ( n - 1 )  ! = r ( k ) + k ( n - l )  ! f o r  e v e r y  n w h i c h
i s  > m+k-Hc+2.
( 7 )  ( n - 1 )  , Yam'f'^ = P, /, Nak f o r  e v e r y  n w h i c hY1' v ' m, s (m)  n - 1  k , r ( k )  n - 1  J
i s  > nw-k+c+2.
94
From t h e  r e l a t i o n  ( 6 ) ,  we g e t  t h a t  m-i-1 = k .  U s i n g  t h i s  i n
the relation (7), we get (n-l) !6m, s(m)an-l = Pk,r(k)an-l' 
hence, since an_1 /  0, we have (n-1) '6^ s(m) = Pk;I.(k) for
e v e r y  n  > m+k+c-i-2 , w h i c h  i s  a b s u r d  s i n c e  and  r ( k )
a r e  /  0 .
P r o p o s i t i o n  6 . 6 . L e t  Q, b e  t h e  r a t i o n a l  n u m b e r s ,  Y an
n  1i n d e t e r m i n a t e  o v e r  Q. T a k e  ir -  a^-l-a^Y-l-. . ,+a^Y ' ‘+ . . . w i t h  
a n  6 f ° r  e v e r y  n  > 0 .  L e t  R = Q [ [ Y] ] H Q(Y, i r ) .  Then ,
R i s  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g  w h i c h  i s  n o t  D - s i m p l e  
f o r  a n y  d e r i v a t i o n  D.
P r o o f : S i n c e  Q [ [ Y ] ]  i s  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g ,
R = Q [ [ Y ] ] 0  Q(Y, i r )  i s  a l s o  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g .  
F u r t h e r m o r e ,  Y g e n e r a t e s  t h e  m a x i m a l  i d e a l  o f  R, a nd  we 
h a v e  Q[Y] e: p  c  Q [ [ Y ] ] ,  h e n c e  b y  Lemma 4 . 1 6  t h e  c o m p l e t i o n  
R* o f  R i s  R* -  Q [ [ Y ] ] .
Now, s u p p o s e  t h a t  R i s  d i f f e r e n t i a b l y  s i m p l e  f o r  some 
d e r i v a t i o n  D; we c a n  s u p p o s e  t h a t  D(Y) = 1 .  When we e x t e n d  
D t o  R* = Q [ [ Y ] ] ,  we n e e d  t o  h a v e  D(q)  -  0 f o r  e v e r y  q e Q 
a n d  D(Y) = 1,  h e n c e  b y  P r o p .  4 . 1 ,  we n e e d  t o  h a v e  D(t t) = i r ' .  
B u t  i n  Lemma 6 . 5  we h a v e  shown t h a t  i r 1 /  Q( Y, i r ) ,  h e n c e  i n  
p a r t i c u l a r  t h a t  i r 1 /  R, w h i c h  i s  a  c o n t r a d i c t i o n  w i t h  t h e  
f a c t  t h a t  D i s  r e g u l a r  on R.
Remark 6.7- If In proposition 6.6 we replace ir by another
p o w e r  s e r i e s  i n  Y h a v i n g  a r b i t r a r y  " b i g  h o l e s "  b e t w e e n  i t s
n  12 - 1t e r m s ,  f o r  i n s t a n c e  0 = a nY-i-. . .  + a  Y + . . . ,  t h e n  t h e1 n 3
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r e s u l t  w o u l d  s t i l l  b e  v a l i d .  B u t  i f  we r e p l a c e  t h e  f i e l d  Q 
o f  t h e  r a t i o n a l  n u m b e r s  b y  a n o t h e r  f i e l d  K o f  c h a r a c t e r i s t i c  
0 ,  t h e n  i n  g e n e r a l . ,  t h e  r e s u l t  i s  n o t  t r u e  a n y m o r e .  F o r  
e x a m p l e ,  i f  we t a k e  K = Q(X-^, Xg, . . . ,  X , . . . ) ,
ir t r a n s c e n d e n t a l  o v e r  K[Y] ,  t h e n ,  b y  T h e o r e m 2 . 7 ,  we h a v e
i s  a  l o c a l ,  1 - d i m e n s i o n a l ,  D - s i m p l e  r i n g ,  a n d  t h e r e f o r e ,  b y  
t h e  r e s u l t s  o f  C h a p t e r  I I I ,  t h e  i n t e g r a l  c l o s u r e  T i s  a  
D - s i m p l e  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g ,  o f  q u o t i e n t  f i e l d  
Q(Y, i r ) ,  o f  c o m p l e t i o n  ( T )*  = K [ [ Y ] ]  ( a s  i t  h a s  b e e n  c h e c k e d  
i n  Th eo r e m 4 . 1 7 ) *  a nd  a s  a  c o n s e q u e n c e  o f  [ 7 ,  ( 1 8 . 4 ) - ,  5 9 ] ,
T = ( T ) * H K(Y, v )  = K[ [Y]  ] n K(Y, i r )  .
Open q u e s t i o n : I s  i t  p o s s i b l e  t o  c h a r a c t e r i z e  t h e  r a n k  1
d i s c r e t e  v a l u a t i o n  r i n g s  w h i c h  a r e  D - s i m p l e  f o r  a  d e r i v a t i o n  
D? N o t e  t h a t ,  s i n c e  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g  h a s  
o n l y  one  p r i m e  i d e a l ,  i t  i s  e q u i v a l e n t  f o r  s u c h  a  r i n g  t o  
b e  d i f f e r e n t i a b l y  s i m p l e  f o r  o ne  d e r i v a t i o n  D o r  f o r  a  
f a m i l y  3  o f  d e r i v a t i o n s .
D e f i n i t i o n : A d o m a i n  R i s  s a i d  t o  b e  q u a s i - D e d e k i n d t  i f  Rp
i s  a  r a n k  1 d i s c r e t e  v a l u a t i o n  r i n g  f o r  e v e r y  p r i m e  i d e a l  P.
D e f i n i t i o n : A do ma in  R i s  s a i d  t o  b e  P r t i f e r  i f  Rp i s  a
v a l u a t i o n  r i n g  f o r  e v e r y  p r i m e  i d e a l . P .
I!
P r o p o s i t i o n  6 . 8 . L e t  R b e  a  P r u f e r  r i n g ,  & a  f a m i l y  o f
+ . . .  w i t h  an  € Q, f o r  e v e r y  n > 0 and
t h a t  T -  K[Y,Tr, t-^ t  , . . . ] / „  \ a s  d e f i n e d  i n  T h eo re m 2 . 4n '  J ( Y, r )
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d e r i v a t i o n s  on R s u c h  t h a t  R i s  ^ - s i m p l e .  Th e n  R i s  a  
q u a s i - D e d e k i n d  d om a in  c o n t a i n i n g  t h e  r a t i o n a l  n u m b e r s .  I n  
p a r t i c u l a r ,  R i s  c e r t a i n l y  1 - d i m e n s i o n a l ,  c o m p l e t e l y  
i n t e g r a l l y  c l o s e d .
P r o o f : L e t  P b e  a n y  p r i m e  i d e a l  o f  R s u c h  t h a t  (0 )  < P < R.
S i n c e  R i s  P r u f e r ,  Rp i s  a  v a l u a t i o n  r i n g ;  s i n c e  R i s  3 -
s i m p l e ,  Rp i s  3--s i m p l e  b y  P r o p .  1 . 1 5  and  1 . 1 9 ;  t h e n ,  b e e i n g  
a  ^ - s i m p l e  v a l u a t i o n  r i n g ,  R i s  a  r a n k  1 d i s c r e t e  v a l u a t i o n  
r i n g  c o n t a i n i n g  t h e  r a t i o n a l  n u m b e r s  b y  P r o p .  6 . 1 .
P r o p o s i t i o n  6 . 9 - L e t  R b e  a  r i n g  o f  c h a r a c t e r i s t i c  0,  3  a  
f a m i l y  o f  d e r i v a t i o n s  on R s u c h  t h a t  R i s  ^ - s i m p l e .  L e t  K 
b e  t h e  q u o t i e n t  f i e l d  o f  R, a n d  s u p p o s e  t h a t  f o r  e v e r y  r i n g  
T s u c h  t h a t  R ^  T c  K, t h e  d e r i v a t i o n s  b e l o n g i n g  t o  I> c a n  b e
e x t e n d e d  t o  T.  Then ,  R i s  a  q u a s i - D e d e k i n d  d o m a i n .
P r o o f : L e t  T b e  a n y  r i n g  s u c h  t h a t  R < T c  K. S i n c e  e a c h
e l e m e n t  o f  £  c a n  b e  e x t e n d e d  t o  T, we h a v e
{x e R /  x T ^ R )  r= (0)  b y  P r o p .  1 . 2 2 .  He nce ,  b y  [ 8 , P r o p .
3 . 1 ,  3 2 7 ] } R i s  c o m p l e t e l y  i n t e g r a l l y  c l o s e d .  Now, i f  S i s  
a n y  r i n g  s u c h  t h a t  R S <= K, e v e r y  e l e m e n t  o f  £  c a n  b e  
e x t e n d e d  t o  S, and S i s  ^ - s i m p l e  b y  P r o p .  1 . 1 9 ;  f u r t h e r m o r e ,  
i f  U i s  a n y  o v e r r i n g  o f  S c o n t a i n e d  i n  K, t h e n  U i s  a l s o  an 
o v e r r i n g  o f  R, h e n c e  e v e r y  e l e m e n t  o f  £  c a n  b e  e x t e n d e d  t o  
U, a nd  S h a s  t o  b e  c o m p l e t e l y  i n t e g r a l l y  c l o s e d  b y  w h a t  we 
h a v e  j u s t  s e e n .  So,  we h a v e  o b t a i n e d  t h a t  f o r  e v e r y  r i n g  S 
s u c h  t h a t  R c’’ S c: K, S i s  c o m p l e t e l y  i n t e g r a l l y  c l o s e d ,  h e n c e
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i n  p a r t i c u l a r  i n t e g r a l l y  c l o s e d ;  t h u s ,  h y  [3> Th eo r e m 1 ] ,
I I  r  r,R i s  a  P r u f e r  d o om a i n ,  a nd  h y  P r o p .  6 . 0 , R i s  a  q u a s i  
D e d e k i n d  d o m a i n .
I n  t h e  f o l l o w i n g ,  we a r e  g o i n g  t o  c o n s i d e r  some R ee s  
r i n g s  h a v i n g  t h e  p r o p e r t y  t h a t  t h e i r  c o n d u c t o r  i n  t h e i r  
c o m p l e t e  i n t e g r a l  c l o s u r e  i s  ( 0 ) ;  t h i s ,  a s  we h a v e  s e e n  
i n  P r o p .  1 . 2 2 ,  i s  a  n e c e s s a r y  c o n d i t i o n  i f  we h o p e  t o  h a v e  
a  r i n g  w h i c h  i s  n o t  c o m p l e t e l y  i n t e g r a l l y  c l o s r d  a nd  w h i c h  
i s  d i f f e r e n t i a b l y  s i m p l e  f o r  a  f a m i l y  o f  d e r i v a t i o n s ,  and  
t h i s  i s  why we c o n s i d e r  t h o s e  R e e s  r i n g s .  However ,  we 
s h a l l  show t h a t  t h o s e  r i n g s  a r e  n o t  d i f f e r e n t i a b l y  s i m p l e .
D e f i n i t i o n : L e t  A b e  a n  i n t e g r a l  d o m a i n ,  K i t s  q u o t i e n t
f i e l d ,  {An 3 q a  s e q u e n c e  o f  s u b g r o u p s  o f  K s u c h  t h a t
A~ -  A, A A c  A , f o r  m and. n > 0 .  S e t  A'  = E Xn -0 m n  m+n — n >0  n
[aQ+a-^X+. . . + a mXm /  a ^  e A^ f o r  i  = 0 , 1 , . . ,  m; m > 0 } . A ' i s
c a l l e d  t h e  R e e s  r i n g  d e f i n e d  b y  A a nd  t h e  s e q u e n c e  o f
s u b g r o u p s  {An ]n > 0 .
P r o p o s i t i o n  6 . 1 0 . L e t  AQ ^ . . . . c  a^ <= . . .  b e  a  c h a i n  o f  
d o m a i n s ,  A -  ^ i > o ^ i J ^  9u o ‘t f e n t  f i e l d  o f  A, B t h e  R e e s
r i n g  d e f i n e d  b y  AQ a nd  t h e  s e q u e n c e  o f  s u b g r o u p s  {An ) n - 
Then ,
1) The q u o t i e n t  f i e l d  o f  B i s  K ( X ) .
2) The c o n d u c t o r  o f  B i n  A[X] ,  i . e .  C -- [?.eB /  .
zA[X] c  B},  i s  e q u a l  t o  w h e r e  CL i s
t h e  c o n d u c t o r  o f  A. i n  A, i . e .  C. = {seA.  /
1 1 1
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zA c  A . }.i
3)  A[X] i s  q u a s i  i n t e g r a l  o v e r  B.
4)  I f  A i s  c o m p l e t e l y  i n t e g r a l l y  c l o se d . ,  t h e n  
A[ X] i s  t h e  c o m p l e t e  i n t e g r a l  c l o s u r e  o f  B.
P r o o f : l )  S i n c e  B d  A[X] k [ X ] ,  t h e  q u o t i e n t  f i e l d  o f  B
i s  c o n t a i n e d  i n  K(X) . C o n v e r s e l y ,  i f  a  £ A, t h e r e  e x i s t s  
i  > 0 s u c h  t h a t  a  e A^, and  a  = aX1/ X 1 e q u o t i e n t  f i e l d  o f  
B, i . e .  t h a t  A, and  a s  a  c o n s e q u e n c e  K, b e l o n g  t o  t h e  
q u o t i e n t  f i e l d  o f  B; now,  s i n c e  X b e l o n g s  a l s o  t o  B, we 
g e t  t h a t  K(X) c  q u o t i e n t  f i e l d  o f  B.  Hen ce ,  t h e  q u o t i e n t
f i e l d  o f  B i s  K ( X ) .
2)  L e t  z e C, i . e .  t h a t  z e B a nd  zA[X] c  B; l e t
w r i t e  z = a „ + a nX + . . . + a  Xn w i t h  a .  e A. f o r  i  = 0 , 1 ,  . . . , n .0 1 n l i
S i n c e  zA[X] c  B, we c e r t a i n l y  h a v e  zA c  B, so t h a t  f o r
ne v e r y  e l e m e n t  w e A, we h a v e  ztt = a^irAa^-mXi-. . . + a n 7?'X e B,
h e n c e  a.Tr e A. a n d  a .  e C. = {yeA. /  yA c- A .} ,  so  t h a tl  l  l  i  '-j x j i ”
C C E i > 0 Ci ‘ C o n v e r s e l y ,  i f  y = Cq+c-jX+. . . + c r Xr  e S i > 0 Ci ,
a nd  i f  z = Tr0+Tr-^X+. . . +7Tn Xn i s  a n y  e l e m e n t  o f  A[X] ,  t h e n  we
h a v e  y z  = c ^ - i - . . . + ( c jL7r0+ c 1 _ ] 7̂  + . . + c 0 ir1 )X1+ . . • + c iJrn XnH1 ,
a n d  s i n c e  f o r  e v e r y  j  s u c h  t h a t  0 < j  < i  we h a v e  c .ir . eJ  <J
A . c  A^, we g e t  t h a t  yz e B = an(^ ^  6 ^  h e n c e ,
E i > 0 Ci C : C - Hence ,  C = X ^ C . .
3)  L e t  a  e A; t h e n ,  t h e r e  e x i s t s  i  > 0 s u c h  t h a t
n  n. i.a e A. ,  h e n c e  a  e A. f o r  e v e r y  n > 0,  h e n c e  a  X e B f o rl  i  J ’
e v e r y  n  > 0 and  a  i s  q u a s i  i n t e g r a l  o v e r  B. H e n ce ,  A i s
q u a s i  i n t e g r a l  o v e r  B, a n d  s i n c e  f u r t h e r m o r e  X e B, we a l s o
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h a v e  t h a t  A[X] i s  q u a s i  i n t e g r a l  o v e r  B.
4)  I f  A i s  c o m p l e t e l y  i n t e g r a l l y  c l o s e d ,  t h e n  A[X] 
i s  a l s o  c o m p l e t e l y  i n t e g r a l l y  c l o s e d ,  a n d  s i n c e  f u r t h e r m o r e  
A[X] i s  q u a s i  i n t e g r a l  o v e r  B b y  3)  a nd  h a s  t h e  same 
q u o t i e n t  f i e l d  a s  B b y  1 ) ,  we g e t  t h a t  A[X] i s  t h e  c o m p l e t e  
i n t e g r a l  c l o s u r e  o f  B.
C o n s e q u e n c e : I f  we c h o o s e  a  c h a i n  o f  d o m a i n s  A^ c  . . c  a ^
s u c h  A = U j > c A i  comP-'1-e ’t e l y  i n t e g r a l l y  c l o s e d ,  a nd  s u c h  
t h a t  = (zeA^  /  zA A^} = ( 0 )  f o r  e v e r y  i  > 0 ,  t h e n  t h e
r i n g  B = w i l l  h a v e  A[X] a s  c o m p l e t e  i n t e g r a l
c l o s u r e ,  a nd  t h e  c o n d u c t o r  C o f  B i n  A[X] w i l l  b e  ( 0 ) .
N o t e  t h a t  we s h a l l  h a v e  s u c h  a  c h a i n  o f  d o m a i n s  b y  c h o o s i n g  
t h e m t o  b e  f i e l d s ,  two o f  t h e m  a t  l e a s t  b e e i n g  d i f f e r e n t .
We- even  h a v e :
P r o p o s i t i o n  6 . 1 1 . T h e r e  e x i s t s  a  s e q u e n c e s  o f  d o m a i n s
RQ c  . . . c  p>̂  c  , t . s u c h  t h a t  R = Ui > o Ri  i s  comP ]-e ’l : e l y
i n t e g r a l l y  c l o s e d ,  = {zeR^ /  zR c  r  ] ~ (o) f o r  e v e r y
i  > 0 ,  D. . = {zeR /  zR.  c  R . )  ^  ( o )  f o r  e v e r y  i ,  j  > 0
J J 1
( h e n c e ,  i n  p a r t i c u l a r ,  t h e  R ^ 1s and  R h a v e  a l l  t h e  same
q u o t i e n t  f i e l d ) .
P r o o f :  T a k e  A^ c: . . . c  a .  c1 . . .  a  s e q u e n c e  o f  d o m a i n s  s u c h---------- 0 l  1
t h a t  A = U ^^ qA^ i s  c o m p l e t e l y  i n t e g r a l l y  c l o s e d  a nd  s u c h  
t h a t  f o r  e v e r y  i  _> 0,  t h e  c o n d u c t o r  o f  A^ i n  A i s  ( 0 )  ( a s  
n o t e d  b e f o r e ,  we c a n  t a k e  f o r  e x a m p l e ,  t h e  A ^ ' s t o  b e  f i e l d s ,  
two o f  them a t  l e a s t  b e e i n g  d i f f e r e n t )  . Nov/, s e t
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R0 = 2 i>0Ai X^  J Rn = Ei > o V n X^  • • • '  We have ' fo r
e v e r y  j  > 0,  E . c  R . , b e c a u s e  A . c  A . , ;  we a l s o  h a v e  
— J J+J- J J+J-
A[X] = U b e c a u s e  i f  y  i s  a n y  e l e m e n t  o f  A[X] ,  l e t
J.P. 0
nw r i t e  y = b^-l-b^X-l-. . . +b nX w i t h  b Q, . . . ,  b fi e A, t h e n  t h e r e
e x i s t s  N s u c h  t h a t  b _ , . . . , b  e A„ a n d  y  e R„ s i n c e0 J n N N
b i  e A^ c  s o  t h a t  A[X] c  i n v e r s e  i n c l u ­
s i o n  i s  o b v i o u s  s i n c e  R .  c; A[X] f o r  e v e r y  j  > 0 .  So now,
J
s i n c e  A i s  c o m p l e t e l y  i n t e g r a l l y  c l o s e d  we h a v e  t h a t  
R = U ... nR • = A[X] i s  c o m p l e t e l y  i n t e g r a l l y  c l o s e d .  F o r  a ny
f i x e d  j  > 0 , we h a v e  R^ = ^ j_N,QAi  i A = ^ i > 0 Ai -l-j an(?‘ Ror
e v e r y  i  > 0,  t h e  c o n d u c t o r  o f  A. . i n  A i s  ( 0 ) ,  h e n c e ,
1"T J
b y  t h e  2) o f  P r o p .  6 . 1 0 ,  we h a v e  C .. = {ze R.  /  zR = zA[X] c
R.  = E . n A. ..X1 } = ( 0 ) .  Now, f o r  k  > 0,  we h a v e
<J 1 ^* vJ I J
XRk "  XEi > 0 Ai-l-kx l  = 2 i > 0 Ai + k x l+ 1  C Rk - 1 ’ h e n c e ' f ° r  a n y
j  < k ,  XJ Rk <= so  t h a t  fo r .  e v e r y  j  /  k ,  we h a v e  t h a t
Dj , k  = {zeR /  zRk C Rj } ^  ( ° ) •
P r o p o s i t i o n  6 . 1 2 . L e t  Q b e  t h e  r a t i o n a l  n u m b e r s ,
A~ c  . . . c  A c  . . . a  c h a i n  o f  d o m a i n s  s u c h  t h a t  Q c: a „ .  O n  ^ 0
A = U . ^q A^ ,  K t h e  q u o t i e n t  f i e l d  o f  A. C o n s i d e r  t h e  R e e s  
r i n g  B = qA^X1 c  A[X] ,  a n d  l e t  D b e  a  d e r i v a t i o n  o f  B. 
T h en ,  D c a n  b e  e x t e n d e d  t o  A [ X ] .
Proof: Let B 1 be the complete integral closure of B; we 
have B' c K[X] since B c K[X] and since K[X] is completely 
integrally closed. By Prop. 1.17, D can be extended to B 1, 
so that we have D(B') c: B' c K[X], and in particular, since
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A C  B ' ,  we h a v e  D(A) c  K [ X ] .
L e t  u  e A, m a n  i n t e g e r  s u c h  t h a t  u  e A^* a nd  s e t
D( u )  = Uq+u^X-i-. . . +u k Xk w i t h  u^  e K f o r  i  -- 0 j l 3 . . , j k .
S i n c e  X e B* we h a v e  D(X) e B; s e t  D(X) = 7̂ + 11̂  X+ . . .  4-i rXn
w i t h  7r.  e A. . S i n c e  u e A * we h a v e  uXm c B* a nd  h e n c e  i  -j. m
D(uXm) e B. A d d in g  some z e r o  c o e f f i c i e n t s  i f  n e c e s s a r y *
we c a n  s u p p o s e  t h a t  n  > k-l-2.
I f  m > 1* we h a v e  D(uXm) = umXm ^D(X) + XnD ( u )  --
umXm X [ 7rA+7r, X+ . . ,+w Xn ] + Xm[u„+U-. X+ . . ,-i-u. XX ] =L 0 1 n  J L 0 1 k
Xm_1[umirQ] + Xm[uimr1+ u 0 ] + . . . -I- X ^ ^ u r i u / u ^ - K u ]  H . . . . .
. . . +Xm+n_ 1 [ uriifr^] . S i n c e  D(uXm) e B = E ^ q A j X ^ *  we g e t  t h a t  
f o r  i  -  0 * 1 * . . .  *k* u n u i u ^ - K u  e Am_h i * h e n c e  u .  e Am+i s i n c e
u  G Am C V i  and  ' "M-l  e Ai +1  C V i ‘ H e n c e '
( 1 )  D( u )  = u Q+ u 1X-i-. . . +u k Xk e c  A[X] .
I f  m = 0,  t h e n  u  e Aq c  b * so t h a t
( 2 )  D(u)  = Uq+u^Xu.  . . +u RXk e B -  ^ i > 0 Ai X’L C At x l •
Hence* we h a v e  o b t a i n e d  t h a t  D(A) c  A [ X ] . Now* i f
X* Xy  -  E ^ _ Qa^X i s  a n y  e l e m e n t  o f  A[X]* we h a v e
D( y )  = E ;j^ 0 D ( a i X1 ) e A[X] s i n c e  D ( a i X1 ) e A[X] f o r  e v e r y
i  = 0* . . . *  r . Hence* D( A[ X] )  c  A[ X] .
N o t e  t h a , t  f o r m u l a s  (1 )  a nd  ( 2 )  c a n  b e  g a t h e r e d  i n
( 3 )  F o r  u  e Am* D(u)  = U q - i - u ^  . . . +u k Xk  e ^ .
T h e o r e m 6 . 1 3 . L e t  Q b e  t h e  r a t i o n a l  numbers*
A^ c  . . .  c  a . c  . . .  a  c h a i n  o f  d o m a i n  s u c h  t h a t  Q c  A„ and0 ]. 0
s u c h  t h a t  Aq < A = ^ i > o Aj J X ^ i e  q u o t i e n t  f i e l d  o f  A.
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1Consider the Rees ring B = ^i>o^i^ 3 an<̂  le^ ^  130 a ^amily 
of derivations of B. Then, B is not .0-simple.
Proof: Let 3  = (D.. }, „ he our family of derivations of B.------------  A A 61
For every X e r, D. can he extended to A[X] hy Prop. 6.12;A
call that extension n again. For every X e F, since X e B,A
(X) = a^+r^X with e Aq and r̂  e A[X] . Since e Aq c  
B, for every v e F, we can set D (a. ) = a . +r . X withV A V j A V y A
a.. , e A^ and r . , e A[X] . By induction, for any finite set V j A U V 3 A '
{1, v , . . ., cr, t } of elements of F (several elements of the
finite set might he the same), set D (a . ) =1 u ̂ , , . j v j A
&rr „ >+rrr « with a_ _ w . e A„ andi,Oj...,v,X i,o,...jV,X r,cJ,...,v,X 0
r e A[X]. Consider the idealT,U, . . . ,V ,X
(X, {a . )A[X] of A[X] generated hy X and all theI , o , . . ., v , x
elements aT , obtained in the way just exposed. By* 3 ® 3 • • • J V .j A
construction itself, that ideal is a ^-ideal of A[X]; we
are going to show that it is not equal to A[X], while it
is obviously not equal to (0) since X belong to it.
Claim 1: For every i > 1, for every (X, . . . ,v) finite set
of elements of F, we have a . A. c A. .J v , . . . ,X i i-l
Proof: Take any b e A^ and any X e F; then, bX1 e B
and Dx (bX1) e B, i.e. biX1-1( â  + r̂  X) + X1^  (b) =
X1 "'■(bi.â ) + XXy e B = E j^qA.X̂ ', thus tia^ e and
ba^ c Ai-1 sance i- i-s a unit in A^_^; hence, a^A^ c Ap_q->
and the Claim 1 is proved for finite set A of elements of r 
of cardinality 1. By induction, suppose the Claim 1 to be
true for |a | < n, and let A = {X,...,u ,t ] be such that
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U l  = n + 1 .  T a ke  a n y  b e  A . ;  b a  e A. , b y  t h e1  «  j « « • j A. X  — X
h y p o t h e s i s  o f  i n d u c t i o n ,  s i n c e  1 [X, . . . , o } | = n ;  h e n c e ,
b a n , X1"1 € B, a n d  DT ( b a n . X1 - 1 ) e B. If i  = 1,
Q  } • • •  3  h  ' o  j , t i ^  A
we g e t  DT ( b a 0j  = b a T _ __ >x +  ̂ ^  ( b )  e B;
b u t ,  b y  t h e  f o r m u l a  ( 3 )  o f  P r o p .  6 . 1 2 ,  DT ( b )  = b^l-b^X-i-. . .-l-
. . ,+b,  Xk  w i t h  b n e A . ;  h e n c e ,  we g e t  t h a tK  U  X
ba,r _ . + a„  . b  e An ; b u t  b n e A. = A-,, so  t h a t ,  byI ^ ^  ^ • j A  ^  ^ • j A  U  w  X* X  X
t h e  h y p o t h e s i s  o f  i n d u c t i o n  we h a v e  a Q. xXo 6 Ai -3  = A0 *
a nd  t h u s  b a T , e A„; h e n c e ,  a  . A1 c  An . I f
i  > 2,  we g e t  DT ( b a a ^ _ A X1 " 1 ) = ^  _ > _ ^  ( i - l ) X x “ 2DT (X) +
bD ( a  . )Xi _ 1  + D ( b ) a  . X1 - 1  e B; c o n s i d e r i n g  t h e
» U  j  • • * j  A ‘ O  j  • . .  j  A
p
f a c t  t h a t  t h a t  DT (X) = TTQ+Tr-^X-Mr1X w i t h  t/q e Aq, e A^ 
a n d  tt' 1 e A[X] ,  a n d  a l s o  t h e  f a c t  t h a t ,  b y  t h e  f o r m u l a  ( 3 )  o f  
t h e  P r o p .  6 . 1 2 ,  DT ( b )  = b 0+ b ' X  w i t h  b Q e A^ a nd  b 1 e A[X] ,  
we g e t ,  b y  c o n s i d e r i n g  t h e  c o e f f i c i e n t  o f  t h e  t e r m  i n  X1
t h a t  b a o , . . . , X < i - 1 ) l ' l  + b a T , 0 b . . . , X  + b o ao ,  . . . , l  6 Al - 1  5
b u t ,  ir1 e A, c  A. , h e n c e  b ( i - l ) 7r-, e A . ,  h e n c e
a G . b(i-l)TTn e A. , by the hypothesis of induction;j  $ • 4 j  A  -L X -  X
also, b„ e A., hence b„a , e A. , b y  the hypothesis ofJ 0 iJ 0 a, . . . ,\ i-l J JL
induction; thus, we finally get that ba_ . e A . n,
1 j O ,  , , , ; A  X  ”  X
and hence â  „ , A. c: a . n . This prove our Claim 1.T ,a, . . . ,\ i i-l F
Claim 2: ((a, , })A ^  A.v , . . ., A.
Proof: Suppose that ({a, , })A = A; then there
V , . . . ,  A.
exists b,,b0,...,b e A and n elements among the a , 's
X C.  n  \) y 4 • •  y A
that we shall call a^, ag, . . ., a. such that f)̂ ai+ • ,+^nan = ‘
but, there exists N such that b^, b^, . . ., b e A^, so that
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we g e t  ( a n , a „ ,  . . . ,  a  )A.t -■ A„,  and  hence , ,D ' 1 2 n '  N N
( a ^ , a 2 , . . . > a n )A.  = f o r  e v e r y  i  > N. B u t ,  b y  C l a i m  1,  we
a l s o  h a v e  ( a l J a n , , . . , a  )A. c  A. , c  A. ,  so  t h a t  we g e t  v 1 2 n '  i  i - l  i  D
AN-1 = AN = • • •  = AN+k = * Now* s u P P ° s e  t h a t  an = AN_i^
t h e n ,  we h a v e  A^ = ( a 1 , a  , . . . , an )AN = ( . . . , a n ) AN_ 1 c
A,t . b y  C l a i m  1,  h e n c e  A11T = A„ . n s i n c e  t h e  i n c l u s i o n  N - i - 1  N N - i - 1
AN _x _l  c  Ap a s  ^ r u e  P y  h y p o t h e s i s .  H e n ce ,  we g e t  t h a t
A. = A„ f o r  e v e r y  i  > 0,  a nd  A = U . . n A. = A„ w h i c h  i s  a  l  N i > 0  i  0
c o n t r a d i c t i o n  w i t h  t h e  h y p o t h e s i s  AQ < A . T h i s  p r o v e s  o u r  
C l a i m  2 .
Now, s i n c e  ( { a  . })A /  A, we h a v e
V , . . . , A.
( X , [ a  . } ) A[ X] /  A[ X] ,  and  i s  a  . 4 - i d e a l  o f  A[ X] .  Then ,v , . . . ,  k
( X , ( a  . } ) A [ X ] 0 B i s  a  . 4 - i d e a l  o f  B w h i c h  i s  n o t  B s i n c e
V , . . . ,  A.
i t  d o e s  n o t  c o n t a i n  1,  a nd  w h i c h  i s  n o t  ( 0 )  s i n c e  X 
b e l o n g s  t o  i t .  H e n c e ,  B i s  n o t  . 0 - s i m p l e .
P r o p o s i t i o n  6 . 1 4 . L e t  AQ c  . . .  c  A^ c  . . . be  a  s e q u e n c e  o f  
d o m a i n s .  T h e n ,  (E ^ qA^X^) [ Y] = E ^ q ( A^['Y'] )X1 , i . e .  t h a t  a  
p o l y n o m i a l  r i n g  o v e r  a  R e e s  r i n g  o f  t h e  s p e c i a l  t y p e  t h a t  
we h a v e  c o n s i d e r e d  i s  a g a i n  a  R e e s  r i n g  o f  t h a t  same s p e c i a l ,  
t y p e .
P r o o f : T h i s  i s  j u s t  an  e a s y  c o m p u t a t i o n ,  and  we w o n ' t
w r i t e  i t  down.
C o n s e q u e n c e : I f  Aq c  . . .  c  A^ c  . . .  i s  a  c h a i n  o f  d o m a i ns
s u c h  t h a t  Aq < U ^ qA.., Xi > 0 Ai Xl  a s  a s
(E i > 0 Ai X' )  [ Y] * i s  n o t  -A -  s i m p l e  .
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